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1. Welfarism

The set of alternatives X contains at least
three elements A utility profile is an n-tuple
U = (U1, . . . , Un), where Ui: X → R is the
utility function of individual i ∈ {1, . . . , n}.
The set of all possible utility profiles is U and
we write U(x) = (U1(x), . . . , Un(x)) for all
x ∈ X and for all U ∈ U .

Social and individual non-welfare infor-
mation for the fixed population {1, . . . , n} is
described by an (n+1)-tuple K = (K0, K1, . . . , Kn),
where K0: X → S0 and Ki: X → Si for all
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i ∈ {1, . . . , n}. For x ∈ X, K0(x) is so-
cial non-welfare information in alternative x
and, for all i ∈ {1, . . . , n}, Ki(x) is non-
welfare information for person i in alternative
x. S0 6= ∅ and Si 6= ∅ are the sets of possible
values of non-welfare information for society
and individual i respectively. The set of all
possible profiles of non-welfare information is
K and, for all x ∈ X and for all K ∈ K,
K(x) = (K0(x), K1(x), . . . , Kn(x)).

The set of all orderings on X is denoted
byO. A social-evaluation functional is a map-
ping F :D → O, where D ⊆ U × K is the
domain of F , assumed to be non-empty. For
convenience, we use the notation Υ = (U,K)
and RΥ = F (Υ) for all Υ ∈ D. Furthermore,
we define

Υ(x) = (U(x), K(x)) (1.1)
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for all x ∈ X. The asymmetric factor and
the symmetric factor of RΥ are denoted by
PΥ and IΥ.

Minimal Individual Goodness: For all
x, y ∈ X and for all Υ ∈ D, if xPΥy, then
there exists j ∈ {1, . . . , n} such that Uj(x) >
Uj(y).

Pareto Indifference: For all x, y ∈ X and
for all Υ ∈ D, if U(x) = U(y), then xIΥy.

Pareto Weak Preference: For all x, y ∈ X
and for all Υ ∈ D, if U(x) > U(y), then
xRΥy.

Theorem A: F satisfies minimal individ-
ual goodness if and only if F satisfies Pareto
indifference and Pareto weak preference.
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Proof. Suppose F satisfies minimal individ-
ual goodness. We first prove by contradiction
that Pareto indifference is satisfied. Suppose
not. Then there exist x, y ∈ X and Υ ∈ D
such that U(x) = U(y) and not xIΥy. Be-
cause RΥ is complete, we must have either
xPΥy or yPΥx. In each case, we obtain a con-
tradiction to minimal individual goodness.

Now suppose F violates Pareto weak pref-
erence. Then there exist x, y ∈ X and Υ ∈ D
such that U(x) > U(y) and not xRΥy. By
the completeness of RΥ, we must have yPΥx,
again contradicting minimal individual good-
ness.

Finally, suppose F satisfies Pareto indif-
ference and Pareto weak preference but vi-
olates minimal individual goodness. Then
there exist x, y ∈ X and Υ ∈ D such that
xPΥy and U(y) ≥ U(x). If U(y) = U(x), we
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obtain a contradiction to Pareto indifference,
and if there exists j ∈ {1, . . . , n} such that
Uj(y) > Uj(x), we obtain a contradiction to
Pareto weak preference.

Unlimited Domain: D = U × K.

Binary Independence of Irrelevant Al-
ternatives: For all x, y ∈ X and for all
Υ, Ῡ ∈ D, if Υ(x) = Ῡ(x) and Υ(y) = Ῡ(y),
then

xRΥy ⇔ xRῩy.

Theorem B: If F satisfies unlimited do-
main, Pareto indifference and binary inde-
pendence of irrelevant alternatives, then, for
all x, y ∈ X and for all Υ, Ῡ ∈ D such that
U(x) = Ū(x) and U(y) = Ū(y),

xRΥy ⇔ xRῩy. (1.2)
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Proof. Let x, y ∈ X and Υ, Ῡ ∈ D be
such that U(x) = Ū(x) and U(y) = Ū(y).
Let u = U(x) = Ū(x), v = U(y) = Ū(y),
k = K(x), ` = K(y), k̄ = K̄(x) and ¯̀ =
K̄(y). Because X contains at least three al-
ternatives, there exists z ∈ X \ {x, y}. By
unlimited domain, we can find profiles Υa,
Υb, Υc and Υd with the following proper-
ties. Let Υa(x) = (u, k), Υa(y) = (v, `),
Υa(z) = (v, ¯̀), Υb(x) = (u, k), Υb(y) = (v, ¯̀),
Υb(z) = (v, ¯̀), Υc(x) = (u, k), Υc(y) = (v, ¯̀),
Υc(z) = (u, k̄), Υd(x) = (u, k̄), Υd(y) = (v, ¯̀)
and Υd(z) = (u, k̄).

By binary independence of irrelevant al-
ternatives, we have

xRΥy ⇔ xRΥay.
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By Pareto indifference, yIΥaz and it follows
that

xRΥay ⇔ xRΥaz.

Using binary independence again, we obtain

xRΥaz ⇔ xRΥb
z.

By Pareto indifference, zIΥb
y and, therefore,

xRΥb
z ⇔ xRΥb

y.

Now binary independence implies

xRΥb
y ⇔ xRΥcy.

By Pareto indifference, xIΥcz and it follows
that

xRΥcy ⇔ zRΥcy.

Using binary independence again, we obtain

zRΥcy ⇔ zRΥd
y.
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By Pareto indifference, zIΥd
x and it follows

that
zRΥd

y ⇔ xRΥd
y.

Using binary independence once more, we ob-
tain

xRΥd
y ⇔ xRῩy.

Combining the above equivalences, (1.2) re-
sults.

Strong Neutrality: For all x, y, z, w ∈ X
and for all Υ, Ῡ ∈ D, if U(x) = Ū(z) and
U(y) = Ū(w), then

xRΥy ⇔ zRῩw.

Note that, in the formulation of strong
neutrality, non-welfare information is allowed
to be different in x and z and in y and w. In
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contrast, this is not the case in the axiom bi-
nary independence of irrelevant alternatives.
Thus, adding Pareto indifference to the in-
dependence condition produces a remarkably
strong result by eliminating the possible in-
fluence of non-welfare information altogether.

Theorem C: Suppose F satisfies unlimited
domain. F satisfies Pareto indifference and
binary independence of irrelevant alternatives
if and only if F satisfies strong neutrality.

Proof. First, suppose that F satisfies strong
neutrality. That binary independence of ir-
relevant alternatives is satisfied follows from
setting x = z, y = w, K(x) = K̄(x) and
K(y) = K̄(y) in the definition of strong neu-
trality. To show that Pareto indifference is
implied, let U = Ū and y = z = w. Strong
neutrality implies that xRΥy if and only if
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yRΥy whenever U(x) = U(y). Because RΥ is
reflexive, this implies xIΥy.

Now suppose that F satisfies unlimited
domain, Pareto indifference and binary inde-
pendence of irrelevant alternatives. By Theo-
rem B, we know that non-welfare information
is irrelevant. Consider two profiles Υ, Ῡ ∈ D
and four (not necessarily distinct) alterna-
tives x, y, z, w ∈ X such that U(x) = Ū(z) =
u and U(y) = Ū(w) = v.

By unlimited domain, there exist pro-
files Υa, Υb, Υc, Υd ∈ D such that Ua(x) = u,
Ua(y) = v, Ua(w) = v, Ub(x) = u, Ub(y) = v,
Ub(w) = v, Uc(x) = u, Uc(y) = v, Uc(z) = u,
Ud(y) = v, Ud(z) = u and Ud(w) = v.

By binary independence of irrelevant al-
ternatives,

xRΥy ⇔ xRΥay.
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By Pareto indifference, yIΥaw and, therefore,

xRΥay ⇔ xRΥaw.

Using binary independence of irrelevant al-
ternatives again, we obtain

xRΥaw ⇔ xRΥb
w.

By Pareto indifference, yIΥb
w and, therefore,

xRΥb
w ⇔ xRΥb

y.

By binary independence of irrelevant alterna-
tives,

xRΥb
y ⇔ xRΥcy.

By Pareto indifference, xIΥcz and, therefore,

xRΥcy ⇔ zRΥcy.

By binary independence of irrelevant alterna-
tives,

zRΥcy ⇔ zRΥd
y.
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By Pareto indifference, yIΥd
w and, therefore,

zRΥd
y ⇔ zRΥd

w

and, using binary independence of irrelevant
alternatives once more, we obtain

zRΥd
w ⇔ zRῩw.

Combining the above equivalences, we obtain

xRΥy ⇔ zRῩw,

and strong neutrality is satisfied.

Theorem D: Suppose F satisfies unlimited
domain. F satisfies Pareto indifference and
binary independence of irrelevant alternatives
if and only if there exists a social-evaluation
ordering R on R such that, for all x, y ∈ X
and for all Υ ∈ D,

xRΥy ⇔ U(x)RU(y). (1.3)
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Proof. Clearly, the existence of a social-
evaluation ordering R such that, for all x, y ∈
X and for all Υ ∈ D, (1.3) is satisfied implies
Pareto indifference and binary independence
of irrelevant alternatives.

Now suppose F satisfies unlimited do-
main, Pareto indifference and binary inde-
pendence of irrelevant alternatives. By Theo-
rem C, F satisfies strong neutrality. We com-
plete the proof by constructing the social-
evaluation ordering R. For all u, v ∈ R,
let uRv if and only if there exist a profile
Υ ∈ D and two alternatives x, y ∈ X such
that U(x) = u, U(y) = v and xRΥy (the
existence of the profile Υ and the alterna-
tives x and y is guaranteed by unlimited do-
main). Strong neutrality implies that non-
welfare information is irrelevant and that the
ranking of any two utility vectors u and v
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does not depend on the profile Υ or on the
alternatives x and y used to generate u and
v. Therefore, R is well-defined. That R is
reflexive and complete follows immediately
because RΥ is reflexive and complete for all
Υ ∈ D. We have to show that R is transi-
tive. Suppose u, v, q ∈ R are such that uRv
and vRq. By unlimited domain and the as-
sumption that X contains at least three alter-
natives, there exist a profile Υ ∈ D and three
alternatives x, y, z ∈ X such that U(x) = u,
U(y) = v and U(z) = q. Because U(x)RU(y)
and U(y)RU(z), it follows that xRΥy and
yRΥz by definition of R. Because RΥ is tran-
sitive, we have xRΥz. Hence, U(x)RU(z) or,
equivalently, uRq.
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2. Generalized Utilitarianism

Suppose that the ordering R satisfies:

Same-People Anonymity: For all u ∈ Rn

and for all bijections ρ: {1, . . . , n} → {1, . . . , n},

uI
(
uρ(1), . . . , uρ(n)

)
;

Strong Pareto: For all u, v ∈ Rn, if u > v,
then uPv,

Continuity: For all u ∈ Rn, the sets {v ∈
Rn | vRu} and {v ∈ Rn | uRv} are closed in
Rn

and

Same-People Independence: For all M

such that ∅ 6= M ⊂ {1, . . . , n} and for all
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u, v, ū, v̄ ∈ Rn, if [ui = vi and ūi = v̄i] for
all i ∈ M and [uj = ūj and vj = v̄j ] for all
j ∈ {1, . . . , n} \M , then

uRv ⇔ ūRv̄.

Theorem E: Suppose n ≥ 3. R satisfies
continuity, same-people anonymity, strong Pareto
and same-people independence if and only if
R is generalized-utilitarian, that is,

uRv ⇔
n∑

i=1

g(ui) ≥
n∑

i=1

g(vi) (2.1)

where g is increasing and g(0) = 0.
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Proof. That generalized utilitarianism sat-
isfies the required axioms is straightforward
to verify. Conversely, let n ≥ 3 and sup-
pose that Rn satisfies continuity, same-people
anonymity, strong Pareto and same-people
independence. Applying Debreu’s [1959, pp.
56–59] representation theorem, there exists a
continuous function f :Rn → R such that,
for all u, v ∈ Rn,

uRv ⇔ f(u) ≥ f(v).

By strong Pareto, f is increasing in all ar-
guments, and same-people anonymity implies
that f is symmetric. In addition, same-people
independence implies that {1, . . . , n} \ M is
separable from its (non-empty) complement
M for any choice of M such that ∅ 6= M ⊂
{1, . . . , n}. Gorman’s [1968] theorem on over-
lapping separable sets of variables implies that
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f is additively separable. Therefore, there ex-
ist continuous and increasing functions H:R→
R and gi:R → R for all i ∈ {1, . . . , n} such
that

f(u) = H

( n∑
i=1

gi(ui)

)
for all u ∈ Rn. Because f is symmetric, each
gi can be chosen to be independent of i, and
we define gi = g for all i ∈ {1, . . . , n}. There-
fore, because f is a representation of R,

uRv ⇔ H
( n∑

i=1

g(ui)
)
≥ H

( n∑
i=1

g(vi)
)

⇔
n∑

i=1

g(ui) ≥
n∑

i=1

g(vi)

for all u, v ∈ Rn. Without loss of generality,
g can be chosen so that g(0) = 0.
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3. Intertemporal Welfare and Non Wel-
fare Characteristics

Because our objective is to examine the
intertemporal aspects of social evaluation, we
focus on birth dates and lengths of life as the
non-welfare information that may be of rel-
evance. For each i ∈ {1, . . . , n}, Si: X →
Z+ assigns the period just before i is born
to each alternative. Analogously, Li: X →
{1, . . . , L̄} is a function that specifies i’s life-
time for each alternative. Thus, in alterna-
tive x ∈ X, i is alive in periods Si(x) +
1, . . . , Si(x) + Li(x). A period-before-birth-
date profile is an n-tuple S = (S1, . . . , Sn)
and the set of all logically possible period-
before-birth-date profiles is S. Analogously, a
length-of-life profile is an n-tuple L = (L1, . . . , Ln)
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and the set of all logically possible length-
of-life profiles is L. Furthermore, we define
S(x) = (S1(x), . . . , Sn(x)) and L(x) = (L1(x), . . . , Ln(x))
for all x ∈ X.

An information profile collects welfare
information and non-welfare information in
a vector Υ = (U, S, L) ∈ U × S × L. For
x ∈ X, we write Υ(x) = (U(x), S(x), L(x)).
We define Ω = R × Z+ × {1, . . . , L̄}, and
the set of possible compound vectors (u, s, `)
of utility vectors, vectors of periods before
birth and vectors of lengths of life is Ωn =
Rn ×Zn

+ × {1, . . . , L̄}n.
A social-evaluation functional is a map-

ping F :D → O where ∅ 6= D ⊆ U × S ×L is
the domain of F . We write RΥ = F (Υ) for
all Υ ∈ D. The asymmetric and symmetric
factors of RΥ are PΥ and IΥ.
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Unlimited domain: D = U × S × L.

Conditional Pareto indifference: For all
x, y ∈ X and for all Υ ∈ D, if Υ(x) = Υ(y),
then xIΥy.

Binary independence of irrelevant al-
ternatives: For all x, y ∈ X and for all
Υ, Ῡ ∈ D, if Υ(x) = Ῡ(x) and Υ(y) = Ῡ(y),
then

xRΥy ⇔ xRῩy.

Anonymity: For all Υ, Ῡ ∈ D, if there ex-
ists a bijection ρ: {1, . . . , n} → {1 . . . , n} such
that Υi = Ῡρ(i) for all i ∈ {1, . . . , n}, then

RΥ = RῩ.

Theorem 1: Suppose F satisfies unlimited
domain. F satisfies conditional Pareto indif-
ference, binary independence of irrelevant al-
ternatives and anonymity if and only if there
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exists an anonymous social-evaluation order-
ing R on Ωn such that, for all x, y ∈ X and
for all Υ ∈ D,

xRΥy ⇔
(
U(x), S(x), L(x)

)
R

(
U(y), S(y), L(y)

)
.

The asymmetric and symmetric factors of the
social-evaluation ordering R are denoted by
P and I.

4. Intertemporal axioms and orderings

Intertemporal continuity: For all (u, s, `) ∈
Ωn, the sets {v ∈ Rn | (v, s, `)R(u, s, `)} and
{v ∈ Rn | (u, s, `)R(v, s, `)} are closed in Rn.

Intertemporal strong Pareto: For all (u, s, `), (v, r, k) ∈
Ωn,

(i) if u = v, then (u, s, `)I(v, r, k);
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(ii) if u > v, then (u, s, `)P (v, r, k).

Conditional strong Pareto: For all (u, s, `), (v, r, k) ∈
Ωn,

(i) if s = r, ` = k and u = v, then (u, s, `)I(v, r, k);

(ii) if s = r, ` = k and u > v, then (u, s, `)P (v, r, k).

Birth-date conditional strong Pareto: For
all (u, s, `), (v, r, k) ∈ Ωn,

(i) if s = r and u = v, then (u, s, `)I(v, r, k);

(ii) if s = r and u > v, then (u, s, `)P (v, r, k).

Lifetime conditional strong Pareto: For
all (u, s, `), (v, r, k) ∈ Ωn,

(i) if ` = k and u = v, then (u, s, `)I(v, r, k);

(ii) if ` = k and u > v, then (u, s, `)P (v, r, k).
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We require more notation to proceed.
Let i ∈ {1, . . . , n}, (u, s, `) ∈ Ωn and (u′i, s

′
i, `

′
i) ∈

Ω. The vectors v = (u−i, u
′
i) ∈ Rn, r =

(s−i, s
′
i) ∈ Zn

+ and k = (`−i, `
′
i) ∈ {1, . . . , L̄}n

are defined by

vj =

{
uj if j ∈ {1, . . . , n} \ {i};
u′j if j = i,

rj =

{
sj if j ∈ {1, . . . , n} \ {i};
s′j if j = i

and

kj =

{
`j if j ∈ {1, . . . , n} \ {i};
`′j if j = i.

Individual intertemporal equivalence: There
exists λ0 ∈ {1, . . . , L̄} such that, for all (d, σ, λ) ∈
Ω and for all σ0 ∈ Z+, there exists d̂ ∈ R
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such that, for all (u, s, `) ∈ Ωn and for all
i ∈ {1, . . . , n},(

(u−i, d̂), (s−i, σ0), (`−i, λ0)
)

I(
(u−i, d), (s−i, σ), (`−i, λ)

)
.

Birth-date conditional individual intertem-
poral equivalence: There exists λ0 ∈ {1, . . . , L̄}
such that, for all (d, σ) ∈ R×Z+ and for all

σ0 ∈ Z+, there exists d̂ ∈ R such that, for all
(u, s) ∈ Rn ×Zn

+ and for all i ∈ {1, . . . , n},(
(u−i, d̂), (s−i, σ0), λ01n

)
I
(
(u−i, d), (s−i, σ), λ01n

)
.

Lifetime conditional individual intertem-
poral equivalence: There exist σ0 ∈ Z+

and λ0 ∈ {1, . . . , L̄} such that, for all (d, λ) ∈
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R×{1, . . . , L̄}, there exists d̂ ∈ R such that,
for all (u, `) ∈ Rn × {1, . . . , L̄}n and for all
i ∈ {1, . . . , n},(
(u−i, d̂), σ01n, (`−i, λ0)

)
I
(
(u−i, d), σ01n, (`−i, λ)

)
.

R is a birth-date and lifetime dependent generalized-
utilitarian ordering if and only if there exist
a function h: Ω → R, continuous and increas-
ing in its first argument, and λ0 ∈ {1, . . . , L̄}
such that h(R, σ0, λ0)∩ h(R, σ, λ) 6= ∅ for all
σ0, σ ∈ Z+ and for all λ ∈ {1, . . . , L̄} and,
for all (u, s, `), (v, r, k) ∈ Ωn,

(u, s, `)R(v, r, k) ⇔
n∑

i=1

h(ui, si, `i) ≥
n∑

i=1

h(vi, ri, ki).

Analogously, R is a birth-date dependent generalized-
utilitarian ordering if and only if there ex-
ists a function f :R × Z+ → R, continuous
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and increasing in its first argument, such that
f(R, σ0)∩f(R, σ) 6= ∅ for all σ0, σ ∈ Z+ and,
for all (u, s, `), (v, r, k) ∈ Ωn,

(u, s, `)R(v, r, k) ⇔
n∑

i=1

f(ui, si) ≥
n∑

i=1

f(vi, ri).

(4.1)
R is a lifetime dependent generalized-utilitarian
ordering if and only if there exist a func-
tion e:R × {1, . . . , L̄} → R, continuous and
increasing in its first argument, and λ0 ∈
{1, . . . , L̄} such that e(R, λ0) ∩ e(R, λ) 6= ∅
for all λ ∈ {1, . . . , L̄} and, for all (u, s, `), (v, r, k) ∈
Ωn,

(u, s, `)R(v, r, k) ⇔
n∑

i=1

e(ui, `i) ≥
n∑

i=1

e(vi, ki).

Finally, R is an intertemporal generalized-
utilitarian ordering if and only if there exists
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a continuous and increasing function g:R →
R such that, for all (u, s, `), (v, r, k) ∈ Ωn,

(u, s, `)R(v, r, k) ⇔
n∑

i=1

g(ui) ≥
n∑

i=1

g(vi).

Independence of the utilities of the dead:
For all m ∈ {1, . . . , n−1}, for all (u, s, `), (v, r, k) ∈
Ωm, for all (ū, s̄, ¯̀), (v̄, r̄, k̄) ∈ Ωn−m and for
all t ∈ Z++, if s̄i + ¯̀

i < t and r̄i + k̄i < t
for all i ∈ {1, . . . , n−m} and si + 1 ≥ t and
ri + 1 ≥ t for all i ∈ {1, . . . ,m}, then

(
(u, ū), (s, s̄), (`, ¯̀)

)
R

(
(v, ū), (r, s̄), (k, ¯̀)

)
⇔

(
(u, v̄), (s, r̄), (`, k̄)

)
R

(
(v, v̄), (r, r̄), (k, k̄)

)
.
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Theorem 3:

(i) An anonymous ordering R satisfies in-
tertemporal continuity, conditional strong
Pareto, individual intertemporal equiva-
lence and independence of the utilities
of the dead if and only if R is birth-
date and lifetime dependent generalized-
utilitarian.

(ii) An anonymous ordering R satisfies in-
tertemporal continuity, birth-date condi-
tional strong Pareto, birth-date conditional
individual intertemporal equivalence and
independence of the utilities of the dead
if and only if R is birth-date dependent
generalized-utilitarian.

(iii) An anonymous ordering R satisfies in-
tertemporal continuity, lifetime conditional
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strong Pareto, lifetime conditional indi-
vidual intertemporal equivalence and in-
dependence of the utilities of the dead
if and only if R is lifetime dependent
generalized-utilitarian.

(iv) An anonymous ordering R satisfies in-
tertemporal continuity, intertemporal strong
Pareto and independence of the utilities
of the dead if and only if R is intertem-
poral generalized-utilitarian.

Proof. We provide a detailed proof of Part
(i). That the birth-date and lifetime depen-
dent generalized-utilitarian orderings satisfy
intertemporal continuity, conditional strong
Pareto and independence of the utilities of
the dead is straightforward to verify. The ex-
istence of a λ0 ∈ {1, . . . , L̄} such that h(R, σ0, λ0)∩
h(R, σ, λ) is non-empty for all σ0, σ ∈ Z+ and
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for all λ ∈ {1, . . . , L̄}, assumed in the defini-
tion of the orderings, guarantees that individ-
ual intertemporal equivalence is satisfied.

Now suppose R is an anonymous order-
ing satisfying the axioms of Part (i) of the
theorem statement. The proof that R is birth-
date and lifetime dependent generalized-utilitarian

proceeds as follows. We define an ordering
∗
R

on Rn (that is, an ordering of utility vectors)
as the restriction of R that is obtained by
fixing birth dates and lengths of life at spe-

cific values. We then show that
∗
R satisfies

the axioms of Theorem 2 and, thus, must be
generalized-utilitarian. Finally, we show that
all comparisons according to R can be carried

out by applying
∗
R to utilities that depend on
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birth dates and lifetimes, resulting in birth-
date and lifetime dependent generalized util-
itarianism.

Let λ0 be as in the definition of indi-
vidual intertemporal equivalence. Define the

ordering
∗
R onRn by letting, for all u, v ∈ Rn,

u
∗
Rv ⇔ (u, 01n, λ01n) R (v, 01n, λ01n) .

Clearly,
∗
R is an anonymous ordering satisfy-

ing continuity and strong Pareto. The last

remaining property of
∗
R to be established is

independence of the utilities of the uncon-
cerned. Let m ∈ {1, . . . , n − 1}, u, v ∈ Rm

and ū, v̄ ∈ Rn−m. By repeated application
of individual intertemporal equivalence, there
exist û, v̂ ∈ Rm such that(
(û, ū), (L̄1m, 01n−m), λ01n

)
I ((u, ū), 01n, λ01n) ,

(4.2)
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(
(v̂, ū), (L̄1m, 01n−m), λ01n

)
I ((v, ū), 01n, λ01n) ,

(4.3)(
(û, v̄), (L̄1m, 01n−m), λ01n

)
I ((u, v̄), 01n, λ01n)

(4.4)
and(
(v̂, v̄), (L̄1m, 01n−m), λ01n

)
I ((v, v̄), 01n, λ01n) .

(4.5)
(4.2) and (4.3) together imply

((u, ū), 01n, λ01n) R ((v, ū), 01n, λ01n)

⇔
(
(û, ū), (L̄1m, 01n−m), λ01n

)
R(

(v̂, ū), (L̄1m, 01n−m), λ01n

)
.

(4.6)
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By independence of the utilities of the dead,(
(û, ū), (L̄1m, 01n−m), λ01n

)
R(

(v̂, ū), (L̄1m, 01n−m), λ01n

)
⇔

(
(û, v̄), (L̄1m, 01n−m), λ01n

)
R(

(v̂, v̄), (L̄1m, 01n−m), λ01n

)
.

(4.7)

(4.4) and (4.5) together imply(
(û, v̄), (L̄1m, 01n−m), λ01n

)
R(

(v̂, v̄), (L̄1m, 01n−m), λ01n

)
⇔ ((u, v̄), 01n, λ01n) R

((v, v̄), 01n, λ01n) .

(4.8)

Combining (4.6), (4.7) and (4.8), we obtain

((u, ū), 01n, λ01n) R ((v, ū), 01n, λ01n) ⇔
((u, v̄), 01n, λ01n) R ((v, v̄), 01n, λ01n) .
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By definition of
∗
R, this is equivalent to

(u, ū)
∗
R(v, ū) ⇔ (u, v̄)

∗
R(v, v̄)

which establishes that independence of the
utilities of the unconcerned is satisfied.

By Theorem 2,
∗
R is generalized-utilitarian

and, thus, there exists a continuous and in-
creasing function g:R→ R such that

u
∗
Rv ⇔

n∑
i=1

g(ui) ≥
m∑

i=1

g(vi)

for all u, v ∈ Rn. Define the function h̄: Ω →
R by

h̄(d, σ, λ) = γ ⇔ (d, σ, λ)I(γ, 0, λ0)

for all (d, σ, λ) ∈ Ω and for all γ ∈ R. This
function is well-defined because R satisfies in-
dividual intertemporal equivalence.
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Consider any (u, s, `), (v, r, k) ∈ Ωn. By
repeated application of individual intertem-
poral equivalence,( (

h̄(ui, si, `i)
)n

i=1
, 01n, λ01n

)
I(u, s, l)

and( (
h̄(vi, ri, ki)

)n

i=1
, 01n, λ01n

)
I(v, r, k).
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Therefore,

(u, s, `)R(v, r, k) ⇔( (
h̄(ui, si, `i)

)n

i=1
, 01n, λ01n

)
R( (

h̄(vi, ri, ki)
)n

i=1
, 01n, λ01n

)
⇔(
h̄(ui, si, `i)

)n

i=1

∗
R

(
h̄(vi, ri, ki)

)n

i=1

⇔
n∑

i=1

g
(
h̄(ui, si, `i)

)
≥

n∑
i=1

g
(
h̄(vi, ri, ki)

)
.

Letting h = g ◦ h̄ (where ◦ denotes function
composition), it follows that

(u, s, `)R(v, r, k) ⇔
n∑

i=1

h(ui, si, `i) ≥
n∑

i=1

h(vi, ri, ki).
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That h satisfies h(R, σ0, λ0) ∩ h(R, σ, λ) 6= ∅
for all σ0, σ ∈ Z+ and for all λ ∈ {1, . . . , L̄}
follows from the definitions of h̄ and h. This
completes the proof of Part (i).

5. Geometric and linear discounting

The ordering R is geometric birth-date de-
pendent generalized-utilitarian if and only if
there exist a continuous and increasing func-
tion g:R→ R and a constant δ ∈ R++ such
that, for all (u, s, `), (v, k, r) ∈ Ωn,

(u, s, `)R(v, r, k)

⇔
n∑

i=1

δsig(ui) ≥
n∑

i=1

δrig(vi).

An alternative class of birth-date depen-
dent orderings uses information on birth dates
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in a linear fashion. R is linear birth-date de-
pendent generalized-utilitarian if and only if
there exist a continuous and increasing func-
tion g:R → R and a constant β ∈ {−1, 1}
such that, for all (u, s, `), (v, k, r) ∈ Ωn,

(u, s, `)R(v, r, k)

⇔
n∑

i=1

g(ui) + β
n∑

i=1

si ≥
n∑

i=1

g(vi) + β
n∑

i=1

ri.

In the case of β = 1, ceteris paribus, later
births are considered better. If β = −1, the
earlier people are born, the better the cor-
responding alternative is (provided that life-
time utilities are the same).

Stationarity: For all (u, s, `), (v, k, r) ∈ Ωn

and for all τ ∈ Z+,

(u, s+τ1n, `)R(v, r+τ1n, k) ⇔ (u, s, `)R(v, r, k).
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Theorem 4: An anonymous ordering R

satisfies intertemporal continuity, birth-date
conditional strong Pareto, birth-date condi-
tional individual intertemporal equivalence, in-
dependence of the existence of the dead and
stationarity if and only if R is geometric or
linear birth-date dependent generalized-utilitarian.

6. Remarks

An argument that is sometimes made in fa-
vor of discounting is that very large sacri-
fices by those presently alive may be justi-
fied by larger gains to people who will ex-
ist in the distant future only. If these sacri-
fices are considered too demanding, discount-
ing might be proposed to alleviate the nega-
tive effects on the generations that live ear-
lier. However, this argument rests on the
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false claim that discounting necessarily in-
creases the well-being of the present gener-
ation. To see that the claim is not true, con-
sider a three-person society and suppose two
alternatives x and y are such that person i
is born in period i for all i ∈ {1, 2, 3}. In x,
utility levels are u1 = 28, u2 = 4 and u3 = 44
and, in y, lifetime utilities are u1 = u2 =
u3 = 24. If intertemporal generalized utili-
tarianism with the identity mapping as the
transformation is used to evaluate the alter-
natives, x is better than y and the utility level
of person 1, who represents the present gener-
ation, is 28. Alternatively suppose that geo-
metric birth-date dependent generalized util-
itarianism with the identity mapping and a
discount factor of δ = 1/2 is used instead. In
that case, the sums of discounted utilities are
28 + 2 + 11 = 41 for x and 24 + 12 + 6 = 42
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for y, so y is better and person 1’s utility is
24.
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