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Abstract

We examine whether mobility indices appropriately represent intergenerational changes
in income or status. We suggest three elementary principles for mobility comparisons and
show that many commonly-used measures violate one or more them. These principles
are used to characterise two classes of indices that have a natural interpretation in terms
of distributional analysis.

Keywords: Income mobility, rank mobility, measurement, axiomatic approach

JEL codes: D63

Acknowledgments: We thank Hyein Cho for research assistance



1 Introduction

Evidence of individual mobility is often seen as a desirable objective for social and
economic policy. It is also used indirectly as part of the discussion of equality of oppor-
tunity. Improving data on intra- and inter-generational mobility has greatly advanced
the understanding of the strengths and limitations of mobility analysis. However, con-
vincing evidence of mobility requires not only good data but also measurement tools
that have appropriate properties. Perhaps surprisingly, several commonly-used techni-
ques and indices do not appear to conform well to simple principles concerning mobility
and immobility.

This paper develops some of the ideas in Cowell and Flachaire (2018), to show which
types of mobility measures are suitable for the purpose of empirically implementing
conventional notions about the meaning of mobility comparisons. We show that there are
two broad classes of mobility indices that generally satisfy a minimal set of requirements
for mobility comparisons. Each of these classes has a natural interpretation in terms of
distributional analysis

The paper is organised as follows. Section 2 sets out some general principles on the
meaning of mobility comparisons and examines how well some of the standard tools work
in the light of those principles. Section 3 provides a theoretical treatment that embodies
the principles of section 2 in a set of axioms and derives a characterisation of two classes
of mobility indices from the axioms. Section 4 shows how these broad characterisations
can be embodied in two classes of indices that can be easily implemented empirically.
Section 5 concludes.

2 Mobility concepts and measures

What do we want a mobility measure to do? Let us discuss this within a very simple
context of income change. Assume that there are two periods, labelled 0 and 1, and a
given number of individuals with a known status in periods 0 and 1. “Status” could be
something very simple, like income, or something derived from the data on the distri-
bution, such as ordinal rank in the distribution. For each person we refer to the pair
(status-in-0, status-in-1) as the person’s history; if we had intergenerational mobility in
mind we might want to refer to the history of a dynasty.

Now let us go through a very short list of principles.

1 More movement, more mobility. There are two principal interpretations of this
concept: (1) more movement in one person’s history (or in one dynasty’s history), or
(2) more matched movement-in-pairs history. The reason for considering two versions
of this principle is that each captures a different concept of mobility. Version (1) allows
one to investigate the mobility associated with unbalanced growth: see, for example the
discussion in Bourguignon (2011). Version (2) controls for changes in status for a time-1
marginal distribution with given mean; this idea includes the standard interpretations
of the concept of “exchange mobility” (Jéntti and Jenkins 2015; Kessler and Greenberg
1981, page 54; McClendon 1977). One or other interpretation of this principle seem to
be an almost essential requirement for mobility measurement. The reason is that in each



interpretation this principle ensures that a mobility measure has a minimum-mobility
property: a situation where there is some movement in status registers higher mobility
than a situation where there is a complete absence of movement.

2 Decomposition. Decomposition analysis is routinely applied to other aspects of
distributional analysis such as income inequality. Several aspects of decomposability —
such as decomposition by population characteristics — seem to be attractive. What has
been argued as extremely important is the ability to decompose mobility in terms of
upward and downward movements (Barcena and Canto 2018).

3 Consistency in comparisons. It is useful for mobility comparisons to have a con-
sistency property. A mobility comparison involves comparing one bivariate distribution
of (status-in-0, status-in-1) with another. Suppose one such pair of distributions is cle-
arly “similar” to another — for example where the pair of bivariate distributions in the
second case can be found by a simple transformation of the pair of distributions in the
first case, perhaps by just rescaling all the status values by a common factor, or by just
translating the distributions by increasing/decreasing all the status values by the same
given amount.! Then the mobility-ranking for the first pair of distirbutions should be
the same as for the second pair.

It would be useful to examine whether the tools that are conventionally used to study
mobility conform to these three criteria.

2.1 Statistical measures

Many empirical studies use off-the-shelf tools borrowed from statistics and applied eco-
nometrics. To investigate these let income be denoted y and assume that status is given
by = = log (y), so that the history of person i, or dynasty 4, consists of a log- income
pair (zo;, z1;). There are two standard “statistical” meaures that are in wide usage.

2.1.1 The elasticity coeflicient

Perhaps the most commonly used measure of mobility is 1 — 3, where B is an elasti-
city coefficient, computed as the OLS estimation of the slope coefficient from a linear
regression of log-income in period 1 (z1) on log-income on period 0 (xo):

x1; = o+ fry; + €. (1)

A high value of 1 — /3 is usually taken as evidence of significant mobility. However, it is
easy to show that a low value does not necessarily imply low mobility. Indeed we can
provide many examples for which we have 1 — B = ( but where common sense suggests
that there is indeed mobility in log incomes. To see this note that, since

B _ cov(Xog, X1) 2)

var(Xo)

INote that this consistency-in-comparisons property does not imply that the value of a mobility
index should be constant under scale or translation changes.



it is true that

1—f=0 <« cov(xo,x1) = var(xy). (3)

It follows that, with equidistant log-incomes x¢ = (o1, To1 + k, To1 —|:2k) in period 0, and

with log-incomes x; = (x11, T19, 711 + 2k) in period 1, we have 1 — 3 = 0, Vo, 111, T12.2
For instance, with log-incomes x¢ = (1,2, 3) in period 0, and with log-incomes

x1 € {(2,0,4),(2,1,4), (2,1760,4), (2100, 1, 2102), (2100, 74, 2102), ... } (4)

in period 1, the mobility index based on the elasticity coefficient suggests no mobility:

in all cases, we have 1 — 3 = 0. This implies that the regression coefficient violates the
minimal-mobility property discussed under “more movement, more mobility”.

2.1.2 The correlation coefficient

As a further problematic example consider another widely used mobility measure, 1 — p,
where p is the Pearson correlation coefficient. This measure is both scale and translation
independent, that is:

if xy=arg+b, then p=1 & 1—-p=0 (5)

So if x1; = axy;+b across individuals or dynasties we will find that p = 1 so that mobility
(1—p) is zero. For instance, with log-incomes x¢ = (1,2, 3) in period 0 and x; = (0,2, 4)
in period 1, we have xy = 2z — 2 and, thus, 1 — p = 0.

This measure may appear attractive. However, it behaves strangely in several cases.
Indeed, we can show that with equidistant log-incomes xq = (xo1, o1 + k, o1 + 2k) in
period 0, and with period-1 log-incomes x; = (211, x12,%11), we have 1 — p = 1 and
1- B =1, V$01,I11,$12-3

For instance, with period-0 log-incomes x, = (1,2, 3) and period-1 log-incomes

x1 € {(3,2,3),(3,0,3),(3,100,3), (1,2,1), (10,1, 10), (2,1,2),(2,100,2),...}  (6)

the standard statistical mobility indices indicate that there is identical mobility: in all
cases, we have 1l —p=1and 1 — g = 1.

2.1.3 A simple example

Consider the cases depicted in Table 1. It is clear that case 2 exhibits more income
movements. Indeed, from period 0 to 1, log-income variations (x; — x) are equal to
(2,0,0) in case 1 and to (2,-1,2) in case 2. However, with standard mobility measures,
l—pand1-— B, we find more mobility in case 1. The measure based on elasticity even
suggests no mobility in case 2.

2With equidistant values, mean log-income in period 0 is Zy = zg1 + k and we have zg; — Zg =
To—mwo3 = —k. So cov(xp,x1) = var(xg) is equivalent to (x¢; —Zo)[(x11 —T1) — (213 —Z1)] = 2(201—T0)?,
which can also be written z1; — z13 = —2k.

3With equidistant values, mean log-income in period 0 is Zg = 1 +k and we have zg1 —Zo = Zo—To3-
Thus, cov(xg,x1) = k(x13 — x11). When 13 = x1; we have cov(xg,x;1) = 0 ; therefore B =p=0



period 0 period 1 mobility

X0 X1 1— pA 1— B
case 1 (1,2,3) (3,2,3) 1.0 1.0
case 2 (1,2,3) (3,1,5) 0.5 0.0

Table 1: “statistical” mobility measures

2.2 Other mobility indices

Now let us consider other approaches in the literature. In addition to the well-known
mobility measures based on the elasticity and correlation coefficients discussed in the
introduction, we consider the following mobility measures:

e Fields and Ok (1996) provided a measure of mobility based on income differences:*
FO, =% |
1= - Yoi — Y1i | -

e Fields and Ok (1999) provided a measure of mobility based on differences in log
incomes:”

1
FO, = E; | log y1; — log yo; | -

e Shorrocks (1978) provided mobility measures related to inequality:

T (o) + S I (y)
Hyo+y1 Yo Hyo+y1 Y1

where I(.) is a predefined inequality measure.

Table 2 presents values of these mobility measures in different situations. We consider a
three-person world (A, B, C), with always the same incomes in period 0, yo = (e, €1, €?),
and several scenarios in period 1, with shifted, rescaled and/or reranked incomes. Elasti-
city and correlation coefficients are independent of units of measurement of the variables.
So mobility indices based on these coefficients respect the scale-independence property.
It is clear from Table 2, where scenario 1% gives a zero value (1— 5 = 0), and scenarios 1¢
and 1¢ provide the same value (1— 3 = 1.5). Furthermore, the major drawback provided
in the introduction is also clear, since zero mobility is obtained with scenarios 1/ or 19.
It follows that a low value of these measures cannot be associated to low mobility.

The Fields-Ok mobility measures are not scale-independent, they have values diffe-
rent from zero in scenario 1* (FO; = 4.863 and FO, = 0.693) and they have different
values in 1¢ and 1%. In Table 2, we can see that the same value is given to Fields-Ok me-
asures in scenarios 1/ and 19, who share the same income values, with the same ranking
at the two periods in 19 and a reranking in 1/.

4No mobility is defined when incomes at both periods are shifted by the same value.
®No mobility is defined when incomes int both periods are multiplied by the same value.



period period

0 1@ 1° 1¢ 14 1€ 1/ 19
A 61.0 2 61'0 61'0 + 2 61.5 2 61'5 61.5 + 2 e1 61
B el:s 2615 l5 49 £2:0 2620 204 9 o3 e2
C e 0 220 20492 b0 2el0 1049 e? e?

Income-mobility measures

Elasticity 1-p3 0 0.312 1.500 1.500 1.318 0 -1.000
Pearson Corr. 1—7r 0 0.001 1.500 1.500 1.461 0.500 0
Fields-Ok 1 FO, 4.863 2.000 3.114  6.165 3.781 5.201  5.201
Fields-Ok 2 FO, 0.693 0.387 0.667  0.898 0.686 0.500  0.500
Shorrocks STheil 0 0.031 0.743  0.679 0.751 0.281  0.069
Shorrocks SGini 0 0 0.500 0.459 0.500 0.132 0

Table 2: Income and rank mobility measures in different scenarios.

The Shorrocks measures are not scale-independent (scenarios 1¢ and 1¢ provide diffe-
rent values). In addition, they are sensitive to the choice of the inequality index. Indeed,
Table 2 gives very different results with the Theil and Gini indices (Stheil, Sqini). At first
sight, the Shorrocks index based on the Gini may appear to be an appropriate measure
of rank mobility (Aaberge et al. 2002), because it is equal to zero when no individual
position shifts takes place (scenarios 1%,1° and 19). However, it should not be used to
measure rank mobility, because two similar reranking scenarios (1¢ and 1?) give different
values of the index (0.5 vs 0.459).

3 Mobility measures: theory

In this section we develop the general principles discussed in section 2 to formalise the
principles into axioms and then using the axioms to characterise mobility orderings. As
in section 2 we deal with the problem of two-period mobility and a fixed population.

3.1 Status, histories, profiles

The fundamental ingredient is the individual’s status, which could be income, position
in the distribution, or something else. Let u; denote ¢’s status in period 0 and v; denote
i’s status in period 1. Individual history is the pair z; = (u;,v;). Individual movements
or changes in status are completely characterised by the histories z;, 1 = 1,2, ...,n Call
the array of such histories z := (z1, ..., 2,) a movement profile® and denote the set of all
possible movement profiles for a population of size n as Z".

The principal problem concerns the representation of the changes embedded in a
movement profile. Overall mobility for any member of Z" can be described in terms

Snote that the profile concept here is somewhat different from that developed in profilesVan Kerm
(2009)



of the status changes of each the n persons or dynasties. We need to specify a set of
axioms for comparing the elements of Z" that capture the the principles in section 2

3.2 DMobility ordering: basic structure

In this section and section 3.3 we characterise an ordering that enables us to compare
movement profiles. Use > to denote a weak ordering on Z"; denote by > the strict
relation associated with > and denote by ~ the equivalence relation associated with >.
We first consider the interpretation of five axioms that underpin the approach; we then
state a basic result that follows from them.

Axiom 1 [Continuity] > is continuous on Z™.

Axiom 2 [Monotonicity| If z,z' € Z" differ only in their ith component and u}; = u;
then, if v; > v, > w;, or if v, < vl <w,;, z -7

Axiom 3 [Independence| Let z((,i) denote the profile formed by replacing the ith
component of z by the history ( € Z and let ZZ = [u(i_l),u(iﬂ)} X [v(i_l),v(iﬂ)} where
the subscript (i — 1) (resp. (i + 1) )denotes the largest (resp. smallest) component of the
vector that is less than (resp. greater than) the ith component. For z,z' € Z"™ suppose
that z ~ 2" and z; = z| for some i € 2,....,n — 1: then z({,i) ~ 2z’ ((,4) for all { € Zi .

Axiom 4 [Local immobility] Let z,z' € Z™ where for some i, u; = v;, v} = ), and,

N - ! /! !/
Jor all j # 1, u}; = uj, v; = v;. Then z ~ 7.

J

We can then show:’

Theorem 1 Given Azioms 1 to 4 then Vz € Z" the mobility ordering > is representable
by an increasing monotonic transform of

> i), )

where the ¢; are continuous functions Z — R, defined up to an affine transformation,
each of which is increasing (decreasing) in v; if v; > (<) w; and that has the property
¢ (u,u) = byu, where b; € R.

The interpretation of these axioms and the result in Theorem 1 is as follows. First,
suppose we know that, with the sole exception of person i, each person’s history in profile
z is the same as it is in profile z’. Person i’s history can be described as follows: i starts
with the same period-0 status in z and in 2z’ and then moves up to a higher status in
period 1; but #’s period-1 status in profile z is even higher than it is in z’. Then Axiom
2 implies that mobility would be higher in z than in z’ ; a corresponding story holds for

"The proof is in the Appendix.



downward movement. Second, suppose that the profiles z and z’ are equivalent in terms
of overall mobility and that there is some person ¢ with the same history z; in both z and
z'. Then consider a change Az; in 4’s history in both z and z’ that is sufficiently small
as to leave unchanged the person’s ranking in the initial and final distributions. Axiom
3 requires that such a change leaves the two modified profiles as equivalent in terms of
overall mobility. It is this property that allows some form of decomposability of mobility
measures. Third, consider a profile z in which person ¢ is immobile: if ¢’s status by the
same amount in both periods then the new profile z’ should exhibit the same mobility
as the original z. Theorem lshows that mobility comparisons should be based on the
sum of evaluations of the n individual histories; but these evaluations may differ from
person to person and may, accordingly depend on the rank-order of the person’s history
in the movement profile.®

3.3 Mobility ordering: scale

The second part of our characterisation of the mobility ordering involves the comparison
of profiles at different levels of status. To do this let z x (Ag, A1) denote the movement
profile that is derived from z if all the O-components (u;) are multiplied by A¢ and all the
l-components (v;) are multiplied by A;. Then we can introduce the following additional
axiom:

Axiom 5 [Status scale irrelevance| For any z,z’ € Z" such thatz ~ 7', zx (X, A1) ~
7/ X ()\0, )\1), f07" all )\0, )\1 > 0.

We then have®
Theorem 2 Given Azioms 1 to 5 = is representable by (7), where ¢; is given by
¢i (u,v) = ¢; [uv'™* —au—[1 —av], (8)

or by
éi (u,v) = a; [bv — u), (9)

where o, a;b;, c; € R.

The interpretation of Axiom 5 is that the ordering of profiles remains unchanged by
a scale change to status in either or both periods. As we will see in section 4 it will
also allow one to introduce the idea of translation irrelevance, where the ordering of
profiles does not change under the across-the-board addition of some constant to status.
Theorem 2 shows that the evaluation function ¢; in (7) has to take one of the two
particularly convenient forms (8) and (9).

8This is a slight generalisation of Theorem 1 in Cowell and Flachaire (2018).
9 Again, the proof is in the Appendix.



3.4 Aggregate mobility index

Theorem 2 means that the mobility ordering > implied by the five axioms in sections
3.2 and 3.3 can be represented by the expression Y. ¢; (u,v), with the ¢; given by
equation (8) or (9). Since = is an ordering it is also representable by some continuous
increasing transformation of this expression. We now examine what normalisation is
appropriate in order to construct an aggregate inequality index, for each of the two
cases in Theorem 2.

3.4.1 Class 1: ¢; given by equation (8)

First, let us require that mobility should be blind as to individual identity. If the defi-
nition of status incorporates all relevant information about an individual, the labelling
1 = 1,...,n is irrelevant and anonymity is an innocuous assumption. It simply means
that mobility depends only on individual status histories; switching the personal labels
from one history to another within a movement profile has no effect on mobility rankings:
if a profile z’ can be obtained as a permutation of the components of another profile z,
then they should be treated as equally mobile. If so, then all the ¢; should be equal and
mobility can be represented as a transform of

n
CZ [uf v}~ —au; — [1 — o] vy] - (10)
i=1
Now consider the effect of population size. A simple replication of profiles z does
not change the essential facts of mobility. Clearly o cannot depend on the size of the
population, but the constant ¢ may depend on n. If any profile is replicated r times and
the index remains unchanged under replication we have

n n

c(n) Z [ufv; ™ —au; — [1 — o] v;] =c(nr)r Z [ufv; ™ —au; — [1 — o] vy] .

i=1 i=1

So, to ensure that the representation of > is in a form that is constant under replica-
tion, we need to have ¢ proportional to 1/n. Choosing for convenience the constant of
proportionality as ﬁwe may write the index as some transform of this “basic-form”
mobility index:

1 1 .
R el ol —apu, — 1 — ol s 11
Y nzluv apy — [L—alp (11)
where

1 n
Moy = E Uy;, (12)

i=1

1 n
v = 5 - 13
f nmv (13)

Notice that (11) is strictly increasing (decreasing) in w; if u; > v; (u; < v; ) and (11)
is strictly decreasing (increasing) in v; if u; < v; (u; > v; ); this behaviour is natural in



view of monotonicity (Axiom 2). Furthermore it is clear that the basic form (11) has the
property that mobility is zero if v; = u; for all <. In general, if the normalised mobility
index is to have the appropriate “zero” property, it must take the form

1 & e
¢ (E Z u?vil -0 (M?u :uv) y Mo IU“U> (14)
i=1

where 1) is monotonic in its first argument and has the property that ¢ (0, u,, 1) = 0,
and where 6 is a function that is homogeneous of degree 1 with the property that

0 (1, 1) = p.

3.4.2 Class 2: ¢; given by equation (9)

Again consider the issue of anonymity. If the constant b; is the same for all 4, then (9)
means that individual mobility for each person i is captured simply by a;d;, where d; is
the weighted difference in status between periods 0 and 1:

The overall mobility index will preserve anonymity if it is written as > ; a;d(;) where
d;y denotes the ith component of the vector (dy, ...,d,) when rearranged in ascending
order: so, except in the case where there is zero individual mobility, d(;) < 0 refers to the
greatest downward mobility and d,) > 0 to the greatest upward mobility. The principle
of monotonicity is preserved if a; < 0 whenever d(;) < 0 and a; > 0 whenever d;) > 0.
The independence of population size means that the term a; should be normalised by
1/n; so up to a change in scale we have the mobility measure

1 n
— id ). 16

3.5 Mean-Normalisation

The mobility indices derived in section 3.4 are consistent with the version (1) of the
“More movement, more mobility” principle discussed in section 2. We now consider a
modification that will enable us to handle version (2) of that principle.

This can be done by replacing Axiom 2 with the following Axiom 6:

Axiom 6 [Monotonicity-2] If z,z' € Z™ differ only in their ith and jth components
and u; = u;, u; = uj, v; — v; = v; — v; then, if v; > v; > u; and if v; < v <y, 7= 7

Clearly the type of status variation considered in the statement of Axiom 2 will
change the mean of v and/or the mean of v; the type of status variation considered in
Axiom 6 will leaves these means unaltered. The modified version of monotonicity in
Axiom 6 will again ensure that minimal-mobility property is satisfied. Also Axiom 6 is
clearly satisfied by the normalised index.

10



One consequence of using version (2) of the “More movement, more mobility” prin-
ciple is that it allows for a further step in normalisation of the mobility indices. It may
be appropriate that the mobility index remain unchanged under a scale change A\g > 0
in the O-distribution and under a scale change A\; > 0 in the 1-distribution. This streng-
thens the scale-irrelevance property (Axiom 5) that we imposed on mobility orderings
to scale-independence of the resulting mobility index.

Let us examine this development for each of the two classes aggregate mobility indices
derived in section 3.4.

Class 1 mobility indices. Setting A\g = 1/p, and Ay = 1/p, it is clear that (14)
becomes

Gl T o) SGE R 1]) o
where 1) (t) := 1 (t,1,1).

Class 2 mobility indices. Clearly we may obtain a mean-normalised version of (16)
by dividing a; by 1/p, and setting b = pu,, /., to give

_; l “@} (18)

u

Specific examples of these mean-normalised indices are given in section 4

4 Discussion and examples

Expressions (8) and (9) characterise the bases for two classes of mobility indices. Here
we consider the derivation of practical indices from these two bases.

4.1 Class-1 mobility indices

To ensure that the mobility measure M, is well-defined and non-negative for all values of
« and that, for any profile z, M, is continuous in «, we adopt the following cardinalisation
of (17):

B BT e o

where we have the following limiting forms for the cases @ = 0 and a = 1, respectively

et (2/2)

U.
M, = — — 1 — . 21
' ;Uu o8 (UU//LU) ( )

11



Expressions (19)-(21) satisfy the second version of the movement principle (formalised
in the monotonicity-2 Axiom 6) and constitute a class of aggregate mobility measures
that are independent of population size and independent of the scale of status.

Choice of a.

An individual member of the class is characterised by the choice of a: a high positive «
produces an index that is particularly sensitive to downward movements and a negative
« yields an index that is sensitive to upward movements.

Furthermore, let us consider a sample where every individual’s upward mobility is
matched by a symmetric downward mobility of someone else (Vi,3j such that u; =
v;, v = u;). In this particular case of (perfect) symmetry between downward and upward
status movements, we have p, = p,. Then, it is clear from (19) that a high positive
a produces an index that is particularly sensitive to downward movements (where u
exceeds v) and a negative « yields an index that is sensitive to upward movements
(where v exceeds u).1Y

4.2 Class-2 mobility indices

This class focuses on the the aggregation of weighted status differences d; defined in
(15). Consider their behaviour in respect of the two interpretations of the movement
principle (Axioms 2 and 6).

4.2.1 Non-normalised status

Using (16) define i* as the largest ¢ such that d;y < 0. In order to conform to Axiom 2
a; must satisfy a; < 0 for ¢+ < ¢* and a; > 0 otherwise. Consider the simple specification

—1 ifi<i*
a; = L= (22)
+1 if¢>q*

Then (16) becomes
1 n
i=1

Suppose equal weight is placed on period-0 and period 1 status (parameter b = 1); then,
if status is income (23) becomes the FO; index discussed in section 2.2 and if status is
log-income (23) becomes the FOy index.

However, (23) does not fulfil the second interpretation of the movement principle.
Take the case where for persons ¢ and j, the distances are d; > 0 and d; < 0. Now suppose
that a change occurs to these distances such that Ad; > 0 and Ad; = —Ad; < 0: if
a mobility index satisfies Axiom 6 then mobility must increase with this change (an
increase in movement). But the index (23) remains unchanged. Clearly this problem
could be avoided if (22) were replaced by ¢ (i — i* — €)'* where ¢ is an increasing function

«
OWith symmetric downward /upward mobility, M, = m > (;% [%} - 1) )
H'Monotonicity requires a; < 0 if i < i*. From (25) it is clear that if i* = 0 we have a; > 0 for
i=1,...,n;if i* =n we have a; <0 fori=1,...,n.

12



with ¢ (0) = 0 and € is a number between 0 and 1. Setting € = /2 and normalising ¢ so
that it is independent of population size we have

ai:¢(%_ _%) (24)

where p := i*/n is the proportion of the population with downward-moving histories. If
d; increases for any ¢ > ¢* then measured mobility would increase (in accordance with
the first interpretation of the movement principle); if, for any i,j where i > i* > j
the individual distances change such that Ad; > 0 and Ad; = —Ad; < 0,then again
measured mobility would increase (in accordance with the second interpretation of the
movement principle).
A particularly interesting special case of (24) is where ¢ is linear so that
1 1
%= 2n’ (25)

which again satisfies Axiom 6 (monotonicity) for all mobility profiles. The associated
mobility measure is given by

1~ 1
Tyo=— Y —dg - — | pta, 26
1 n e (i) [ZH-%] Hd (26)

where 14 is the mean of the status differences d;. Notice that

Py = oG + i E _ p} (27)

where (G is the absolute Gini coefficient of the status differences d;:

2 i n+1 1 - —
G:=2Y —dy — = d; — d;|, 28
n;n (i)~ Ha— 2n222| jl (28)

i=1 j=1

and that, for the case of symmetric mobility I' = 1/2G. This has a particularly nice
interpretation as half the absolute Gini'? applied to the status differences d;.
Other types of mobility index based on (25) are discussed in section 4.4 below.

4.2.2 Mean-normalised status

(23) and (26) can be modified to scale-independent versions by replacing the d; in (15)
with!3
4=
ILL'U I’LU

12(Clearly the absolute Gini satisfies Axiom 2 in the case of symmetric mobility and satisfies Axiom
6 for all mobility profiles.

13Note that the mean-normalised version of (26) is not proportional to the conventional Gini evaluated
over the weighted status differences.
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In the case of class-1 mobility measures (in section 4.1 above), a similar modification
immediately gives a class of measures that satisfy the second interpretation of the mo-
vement principle (Axiom 6). However, in the case of these class-2 mobility measures,
mean-normalisation does not change their behaviour in this respect. To see this take, as
before, ¢ and j such that d; > 0 > d; and consider Av; > 0 and Av; = —Awv; < 0; this
will ensure that Ad; = —Ad; < 0 and it is clear that once again this leads to no change
in the mobility measure if the weights a; are given by (22) and an increase in mobility
if the weights a; are given by (25).

4.3 Translation-independent and “intermediate” indices

We can generate a different class of mobility indices just by replacing the status concept.
We do this first for a class of indices that are “intermediate” between scale-independent
and translation independent indices, using the terminology of Bossert and Pfingsten
1990, Eichhorn 1988. From these we can get translation independent-indices as a limiting
case.

4.3.1 “Intermediate” Class-1 mobility indices

If we replace the u and v by u+ ¢ and v+ ¢ where ¢ is a non-negative constant then (19)
will be replaced by

0(c) i

=1

[ui—kc

oo + € o + €

]a@ { - ] T 1] a(e) ERale) £0.1 (29)

where v € R, f € R, the term «(c) indicates that the sensitivity parameter may depend
upon the location parameter ¢ and 0 (¢) is a normalisation term given by

14 2

N = o=@

(30)

a(c) = 0 and a(c) = 1 there are obvious special cases of (29) corresponding to (20) and
(21). For any given value of ¢ then we have an “intermediate” version of the mobility
index.

4.3.2 Translation-independent Class-1 mobility indices

By writing

a(c) == v+ Be (31)
and analysing the behaviour as ¢ — oo we may say more. Consider the main expression
inside the summation in (29); taking logs we may write this as

1+2 v u
log(1+£)+a(0) [log(1+%>+log(1+%>—log(1+%>—log<1—i—%)].

(32)

Using the standard expansion
2t

log(l+t)=t——+ — — ... 33
og(1+0) =t— o+ (3)
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and (31) we find that (32) becomes

14+ 2 ol u? MQ 02 MQ
1 o O s | Py D"
Og(1+’%)+ 6+c [ujLM VT T 20+20+20 (34)

For finite v, 8, u, v, iy, i1, we find that (34) becomes

Blu— p — v+ ] (35)
and .
. . + = 1
TR i .

From (35) and (36) we can see that in the limit (29) becomes

n

Mé : 1 Z [eﬁ[ui—pu—vﬁuv} _ 1] , (37)

np* i=1

for any 5 # 0. Let ¢; :== u; — p,, — v; + 1, so that (37) can be written

1 < . 1 — 1 1 1
Z [eﬁqz — 1] Z [1 + Bq; + 552%2 + 553%3 + 154(1? +..—1, (38)

np? i=1 np? i=1

using a standard expansion. Noting that = 3" ¢; = 0, the right-hand side of (38)
becomes

I, 1 _ . 1.,,
_E —q+ —Bqg> + =B + ... . 39
n <= [Q!q’ 3!5% 4!6 4 ( )

As B — 0 it is clear that (39) tends to 5~ > " | ¢7. So the limiting form of (37) for 5 =0
is
1
M = gvar (v; — uy) . (40)
Expressions (37) and (40) give the class of translation-independent mobility measures -
where mobility is independent of uniform absolute additions to/subtractions from ever-
yone’s income.

4.3.3 Translation-independent Class-2 mobility indices

Since Class-2 mobility indices are based on weighted differences (15) it is easy to see that
in the case of non-normalised indices where the parameter b = 1 all Class-2 mobility
measures are translation-independent: they than take the form % > iy aidgy where d; =
V; — Uj.

However, the mean-normalised versions of the Class-2 mobility indices are not translation-
independent, except in the special case where 1, = .
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4.4 Decomposability
4.4.1 Class-1 mobility indices

Our axioms induce an additive structure for the mobility index, so that that the Class-1
mobility measures in (19)-(21) are clearly decomposable by arbitrary population sub-
groups.

Let there be K groups and let the proportion of population falling in group k be py,
the class of scale-independent mobility measures (19) can be expressed as:

K « -« K « 11—«
2 : Mo ke Hok 1 E Hou,k Ho,k

Moz = Pk |:—’ :| |:—’ :| Ma,k + Pk |:—’ :| |: : :| — 1 (41)
k=1 Hou Hv @ -« 2o Moy

k=1

for a # 0,1, where g, (fvx) is the mean status in period-0 (period-1) in group k,
and u,, i, are the corresponding population means defined in (12), (13) (so that p, =
K1 Zle Drbluk, ty = K Zle Privk). In particular, notice that in the case where
u = x and v = u,, we obtain the standard formula of decomposability for the class of
GE inequality indices (Cowell 2011). We have the following limiting forms for the cases
a =0 and a = 1, respectively

— - K - -
Mo =3 (22 o= 3 o (Lt /) (42)
k=1

k=1 - Hov Ho | Hou Ho

Moy L Hu Mo oy

K - - K - -
My =S g |25 0+ 3y [t 1og(w / u_> (13)
k=1 k=1 -

This means, for example, that we may partition the population unambiguously into
an upward status group U (for u; < v;) and a downward status group D (for u; > v;)
and, using an obvious notation, express overall mobility as

M, = w" MY +wPMP 4 MP™, (44)

where the weights wY, wP and the between-group mobility component MP™ are functions
of the status-means for each of the two groups and overall; comparing MY and MP
enables one to say precisely where mobility has taken place.

We may use this analysis to extend the discussion of the choice of a in section4.1.
Consider the upward status group U (for u; < v;) and the downward status group D (for
u; > v;), as defined in (44). From (19) we have!!

MY = MP (45)

It suggests that mobility measurement of upward movements and of symmetric down-
ward movements would be identical with o = 0.5 (MY = MP;). Furthermore, mobility
measurement of upward movements with o = 1 would be identical to mobility measure-
ment of symmetric downward movements with o = 0 (MY = MP).

4More generally, if we generate a “reverse profile” z’ (z) := {2 = (vi,u;) | z; = (us,v;),i=1,...,n}
by reversing each person’s history — swapping the us and vs in (19) — we have M, (2’ (z)) = M1_(2).
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In the mobility index M,, the weights given to upward mobility and to downward
mobility can be studied through its decomposability property. With symmetric up-
ward /downward status movements, from (41) and (44), we can see that!'®

u_,,D

1. for a = 0.5, we have w w”,

2. for o < 0.5, we have w" > wP,
3. for o > 0.5, we have w" < wP.

In other words, a = 0.5 puts the same weight on both upward and downward mobility
components in (41), while o < 0.5 (a > 0.5) puts more weights on upward (downward)
mobility component. The sensitivity parameter « enables us to capture directional
sensitivity in the mobility context:'® high positive values result in a mobility index that
is more sensitive to downward movements from period 0 to period 1; negative « is more
sensitive to upward movements. Picking a value for this parameter is a normative choice.

4.4.2 Class-2 mobility indices

As with inequality indices such as the Gini coefficient, exact decomposition of by popu-
lation subgroups is not usually possible. But for Upward/Downward decompositions of
the non-normalised mobility indices in section 4.2 we have easily interpretable results.
Clearly (23) can be rewritten as

1 np 1 n—mp
Ty = p— Y [—lda +[1 - diiin
0 pnp;[ Jd@ + [ p]n_np;[ﬂup)

= —pd® + 1—p] dv,

where dP, dY are the average weighted distance of downward and upward moves, re-

spectively. Now consider the general class of indices that come from using the weights
(24) in (15):

1 n . 1
F:EZ¢(%_p_%)d(i) (46)

If the function ¢ has the property that ¢ (A0) = ¢ (\) ¢ () for all real numbers A, 0 and
some function 1 then (46) can be written as'’

I'=py(p)T°+[1—plyp(1—p)TY (47)

5 From (41) and (44), we have wY = py (pu.1/ftu)* (o1 /po) = and wP = po(pi,2/ 1) (o2 / o) 2.
With symmetric downward/upward mobility, we also have p1 = po2, ptu1 = w2 < fo,1 = fu,2 and
o = pro. Then, wY/wP = (py.2/ 10 2)1 2%, which is greater (less) than one if 1 — 2a > (<)0.

16See also : Bhattacharya and Mazumder (2011), Corak et al. (2014), Demuynck and Van de gaer
(2010) and Schluter and Van de gaer (2011).

"To  see  this note that T = Y (p) ,Tlp Pyt (% [t —p— i}) dgy +

=plo(1=p) it Tl 0 (5 [P &])days T° = S0 (L[5 -p- ) di
and FU = 71,—1np Z'?:np-‘rl QS (ﬁ [% —pP- %]) d(l)
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Figure 1: The weights a; for different values of
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where I'P is mobility measured over the set of downward movers

1 & i 1
R — —1——)d
20 (13

and 'V is mobility computed over the rest of the population:

1 = i 1
FU: - d’LTL .
n—npz¢<n—np Z[n—np]) (i+np)

=1

The property (47) requires that ¢ take the form ¢ (6) = A07 where A and y are constants.
This means that the mobility measure becomes

ro_ 1 i i L, (48)
7_ni:l n PTon| 0
where v is any odd number greater than or equal to 1, which gives the decomposition
formula

I, =p 'Y +[1—p] ™'Y, (49)

Figure 1 shows the system of weights that emerge in a population of 100 where 40
persons experience downward movement. It is clear that the higher value of « puts more
weight toward the extremes of the distribution of distances d.

5 Conclusion

Mobility measurement deserves careful consideration in the way that the measurement of
social welfare, inequality or poverty deserves careful consideration. This consideration
should involve principles, formal reasoning and empirical applicability. However, the
bulk of empirical studies of mobility analysis apply ready-made techniques that, in this
application, are seriously flawed. The flaws matter because, in certain circumstances,
the ready-made techniques give exactly the wrong guidance on basic questions such as
“does scenario A exhibit more movement of individuals than scenario B?”

Our approach is to show that a consistent theory of mobility measurement can be
founded on three basic principles of mobility comparisons. We do this using the met-
hodology of Cowell and Flachaire (2017, 2018) to provide a natural interpretation of
these principles in terms of formal axioms. These axioms are used in theorems that
characterise two classes of mobility measures that can be easily implemented in terms
of income (wealth) mobility or rank mobility.
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Appendix: Proofs

Proof. [Theorem 1].In both the case where Z is a connected subset of R x R and the
case where Z is Q4 x Q; Theorem 5.3 of Fishburn (1970) can be invoked to show that
axioms 1 to 3 imply that > can be represented as

> ¢i(z),Vz e 27, (50)

=1

where ¢; is continuous, defined up to an affine transformation and, by Axiom 2 is incre-
asing in v; if v; > u; and vice versa. Using Axiom 4 in (50) we have

bi (us, u;) = @i (u; + 0, u; +0), (51)

where 0 := u}, —u;. Equation (51) implies that ¢; must take the form ¢; (u, u) = a; + bu.
Since ¢; is defined up to an affine transformation we may choose a; = 0 and so we have

oi (u,u) = bu. (52)
n

Proof. [Theorem 2]. The proof proceeds by considering two cases of (Mg, A1) .

Case 1: \p=A\1=XA>0.

Theorem 1 implies that if z ~ 2z’ then

Z i (21) = Z di (#) - (53)

Axiom 5 further implies that

Z bi (\z) = Z b (A2

These two equations imply that the function (7) is homothetic so that we may write

Z di (Azi) =0 (A, Z b; (zi)> : (54)
Z@/h‘ (Av;) =0 <>‘7 Zl/% (Uz')) 7 (55)

where 6 : R — R is increasing in its second argument. Consider the case where, for
arbitrary distinct values j and k, we have v; = u; = 0 for all ¢ # j, k. This implies that
¢i (u;,v;) = 0 for all ¢ # j, k and so, for given values of v;, vg, A, (54) can be written as
the functional equation:

fi (w) + i (ug) = h (g5 (ug) + gr (ur)) , (56)
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where f; (u) := ¢; (Au, \v;), g; (u) := ¢ (u,v;), i = 7,k and h(x) := 0 (\,x). Alternati-
vely, for given values of u;, uy, A, (54) can be written as the functional equation

[i (j) + fr (v) = k(g5 (v5) + gk (Vi) , (57)
with f; (v) == ¢; (A\ug, Av), g; (v) = ¢; (us,v), i = j,k and h(x) := 0 (A, ). Take first
the functional equation (56): it has the solution

fi(w) = aog; (v) +a;, i = j.k,
h(x) = aor + Q; + ag,
where ag, a;, ai, are constants that may depend on A, v;, v, (Polyanin and Zaitsev 2004,
Supplement S.5.5). Therefore:
O; (Auj, Avj) = ao (A, v5,0%) @5 (u,05) 4 aj (A, v, 0r) (58)
O (Aug, Avg) = ag (A, vj, v) Ok (uk, vi) + ag (X, vy, vk) - (59)

Since 7 and k are arbitrary, we could repeat the analysis for arbitrary distinct values j
and ¢ and v; = u; = 0 for all © # j, ¢, where ¢ # k; then we would have

o5 (Muj, Mvj) = ag (A, vy, 0%) @5 (uj,v5) + @ (A, vy, v0) (60)
Qbk ()\Ug, )\Ug) = a6 ()\, Vj, Uk) ¢g (ue, Ug) + CL/E ()\, Vj, ’Ug) . (61)
where ag, a}, ay, are constants that may depend on A, vj, v,. The right-hand sides of (58)

and (60) are equal and so a; must be independent of v; and ay must be independent of
vj, vg. Therefore, because j and k are arbitrary we have

i (Aug, \vg) = ag (N) & (g, v3) +a; (N v;), i=1,...,n. (62)
In the case where v; = u;, (52) and (62) yield
bidv; = ag (A) biv; + a; (A, v;)
so that
a; (A, vi) = [A = ag (A)] biv;

and (62) can be rewritten
@i (g, Avg) — by = ag (N) ¢ (ws,v:), i =1,...,n. (63)

where ¢! (u;, v;) == ¢; (A\u;, Av;) — b;v;. From Aczél and Dhombres (1989), page 346 there
must exist 5 € R and a function k : R, — R such that ¢ (u;,v;) = u’h; (v;/u;) , so

that
u,

)

From (52) we see that (64) implies h; (1) = 0. Now return to the alternative functional
equation (57): following the same argument this must have a solution of the form

U;

¢i (Ui, Uz’) = U?/h; (—) + b;v; (65)

U
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Case 2: \p=1, M =XA#1.
Again if z ~ Z’ then (53) holds. Now Axiom 5 implies

D o (ui, M) = > ¢y (wi, Mf). (66)
=1 =1

Equations (53) and (66) imply that the function (7) is homothetic in v so that we may
write

Z W (M) = 0 ()\, Z Ui (vi)) : (67)

where ¢; (v) 1= ¢; (u;,v) and 6 : R — R is increasing in its second argument. By the
same argument as Case 1:

¢i ()\Uz) = Qg ()\) ’QUZ (vi)+ai ()\), 1= 1,...77’L. (68)
Putting v; = 0 in (68) implies a; (A) = ; (0) [1 — a¢ ()] and (68) becomes

W (w) = ay(\) ¥ (v), where (69)
W) = ()~ (0). (70)

Equation (69) can be expressed as f(z+y) = g(y) + f(z) wheref () := log (¢ (4)),
g () == log(ap(s)), = logv, y = logA. This Pexider equation has the solution

fz)=br+c g(y) =ay
log ¥ (v) = a + blogw, log (ag (A)) = b(log \)
where the constant a may depend on ¢ and u;. This implies
b (us,v;) = A (u;) vl + ¢ (uz,0) . (71)
where A; (u;) = exp (a). Putting v; = u; in (64) and (71) we find
A; (ug) ul + ¢ (ug,0) = by,
since the RHS is linear in u; we must have A; (u;) proportional to uil’b. Therefore
¢; (ui, v;) = cvdul =" + ¢ (ug,0) (72)
Now combine the results from the two cases. Since (64), (65) and (72) are true for
arbitrary w;, v; this implies that
b (us,v5) = culv; = + g + v (73)
where o :=1 — b.
From (73) we distinguish two cases
1. ¢; # 0: to ensure that Axiom 2 is satisfied the change in ¢; (u;,v;) must be zero
when v; = u;: this requires ¢, = —ac; and ¢ = —[1 — ] ¢;. This implies (8).

2. ¢; = 0: to ensure that Axiom 2 is satisfied ¢, and ¢/ must be of opposite sign. This
implies (9).
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