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Tntroduction o Prepared for the Handbook on Income Distribution
b o volume 2
Density o edited by Atkinson and Bourguignon

o Not really new work

o but perhaps some fresh insights
o survey of theory, methods underlying good practice
o guide to the tools available to the practitioner in this field

o Not just standard inference
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o how to model distributions
o how to handle data problems
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o Income y. (earnings, wealth, consumption...) Belongs to a set
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o Population proportion q € Q := [0, 1].
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Y=[y,y) CR.
o Population proportion q € Q := [0, 1].
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Notation
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FAC-ER o Income y. (earnings, wealth, consumption...) Belongs to a set
Introduction Y=[y,y) CR.
Data
Density o Population proportion g € Q :=[0,1].

o Distribution F. Set of all distribution functions will be
denoted F.

o Indicator function 1(-). For logical condition D:

1 if D is true
(D) =

0 if D is not true

plete data
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o Complete enumeration

o Sample: Administrative data

o summaries of income distributions in grouped form
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o summaries of income distributions in grouped form
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o very large data sets: complete collections of admin data

«Or «F»r o«

it
v
a

RN Ge



o Complete enumeration

o Sample: Administrative data

o summaries of income distributions in grouped form

o official micro-data similar size to sample surveys

o very large data sets: complete collections of admin data

o only what is legally permissible and convenient
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Data types

o Complete enumeration

o Sample: Administrative data
o summaries of income distributions in grouped form
o official micro-data similar size to sample surveys

o very large data sets: complete collections of admin data

o only what is legally permissible and convenient

o design may not be ideal for economist

o Survey data

o usually purpose-built

o smaller size and worse response rate than administrative-data
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Introduction o Sample: Administrative data
2et o summaries of income distributions in grouped form
Density

P st o official micro-data similar size to sample surveys

Kernel method

Finite-mixture models

Fine sample o very large data sets: complete collections of admin data
Welfare indices

o only what is legally permissible and convenient
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Inequality m
Poverty measures

o design may not be ideal for economist

Finite sample
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o Survey data

o usually purpose-built

o smaller size and worse response rate than administrative-data

Other problems

Robustness

o may exclude some sections of the population.
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o Simple design

o sample designed so each member of the population has equal
probability of being included in sample

o ideal case that enables one to focus on the central issues of
statistical inference
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Data design

o Simple design

o sample designed so each member of the population has equal
probability of being included in sample

o ideal case that enables one to focus on the central issues of
statistical inference

o but sampling frame could be out of date or exclude part of the
population
o Complex design

o Clustering observations by geographical location may reduce
the costs of running the survey



Data design
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P o Simple design
e o sample designed so each member of the population has equal
. probability of being included in sample

Density

o ideal case that enables one to focus on the central issues of
statistical inference

o but sampling frame could be out of date or exclude part of the
population

o Complex design
o Clustering observations by geographical location may reduce
the costs of running the survey

o Stratification: oversampling certain categories to ensure that
adequate representation of certain types
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o similar to measurement error in other contexts
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o Measurement error

o similar to measurement error in other contexts

o observed income = true income adjusted by error term
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o observed income = true income adjusted by error term
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o Measurement error

o similar to measurement error in other contexts

o observed income = true income adjusted by error term

o model resembles problem of factor-source decomposition
o Data contamination
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@ Subset of Q is specified: proportions (E , B) in tails
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Data Problems

o Measurement error

o similar to measurement error in other contexts
o observed income = true income adjusted by error term
o model resembles problem of factor-source decomposition

o Data contamination

o mixture of true distribution and contamination distribution
o model resembles problem of subgroup decomposition

o Incomplete data

@ Subset of Y is specified: income-boundaries (z,7)

@ Subset of Q is specified: proportions (E , B) in tails
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proportions (E ,B) fixed; (z,7) unknown

o A: standard form of truncation
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Information re Excluded Sample

None Sampl.e Mul.tlp.le

proportion statistics
limits (z,7) fixed; (E,B) unknown A B C
proportions (ﬁ , B) fixed; (z,Z) unknown D (E) F)

o A: standard form of truncation

o B: “censoring”. Point masses at (z,7) estimate the
population-share of the excluded part.
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proportion
limits (z,7) fixed; (E,B) unknown A B
proportions (ﬁ , B) fixed; (z,Z) unknown D (E)

o A: standard form of truncation

o B: “censoring”. Point masses at (z,7) estimate the
population-share of the excluded part.
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Most of the standard parametric income distributions are special
cases of the Generalized Beta distribution:
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Data

Density

Parametric estimation

Goodness of Fit

o Density based statistic: Pearson chi-squared (x?)

Kolmogorov-Smirnov
o EDF based statistic: ¢ Anderson-Darling
Cramér-von-Mises

o Cowell et al. (2011) developed a GoF test based on
axiomatic discussion, with social-welfare foundations:

6=z ), [ﬁlﬂnfl]lg_l ’

where u; = F(y;; 6) and ¥(i) is the ith smallest observat.

o The pearson j? statistic has poor finite sample properties
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Histogram’s sensitivity to the position and the number of bins
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Hypothesis testing

Other problems

Bandwidth selection

The kernel density estimator

f(y)znlhi;KG;yi)

is not really affected by the choice of the kernel K(), but it is
sensitive to the choice of the bandwidth £

Bandwidth selection:

>
Gi—

o Silverman’s rule-of-thumb, fz,,p, = 0.9min (6; "133_ 49‘> ns.

o Plug-in method

o Cross-validation
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o When the concentration of the data is markedly
heterogeneous, a fixed bandwidth may be quite restrictive.

Data

Density

o The adaptive kernel estimator is defined as follows:

2 1« 1 Y=V
=-) —K
: 0) n;hki <hli ’
Comparisons where A; is a parameter that varies with the local

o concentration of the data, A; = [¢/f(:)]*.

tuitiv

Hypothesis testing

Other problems
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Finite-mixture models

o Under regularity conditions, any distribution can be
consistently estimated by a mixture of Normal distributions

o Estimate any income distrib. with a mixture of lognormals :

K
f(logy;©) =Y m®(y; ik, O%)
k=1

o Interpretation: a (heterogeneous) population can be
decomposed into several distinct (homogeneous) groups

o Brings out the link between parametric and nonparametric
estimator (K =1 and K =n, m;, = 1/n)
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Finite-mixture models with covariates
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Introduction group proﬁles

Data

K

70) =Y m(zk; o) P (yi; hx Ok)
k=1

Density

f(logy

ure models

Finite sample

o Covariates can be introduced into the modeling of the
densities in each of the groups, leading us to consider
mixture of regression models

Welfare indices

K
f(logylx;©) = Y m®(yilx: i, o%)
i=1

o Covariates can be introduced in both components
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EACEF o Quality of the fit: MIAE = E (f¢" |[f(y) —f(»)| dv).
tedeion o Data are drawn from lognormals, Singh-Maddala and
Byt mixtures of two SM distributions.

Density
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Finite sample properties
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Standard kernel Adaptive kernel Mixture
FACEE Silv. CV  Plugin Silv. CV  Plugin lognormal
podichor Lognormal
Data c=05 0.1044 0.1094 0.1033 0.0982 0.1098 0.1028  0.0407
thn\n'\ \ c=0.75 0.1326 0.1326 0.1252 0.1098 0.1283 0.1179  0.0407

o=1 0.1643 0.1716 0.1522 0.1262 0.1609 0.1362  0.0407

Welfre indices Singh-Maddala

g=17 0.0942 0.1009 0.0951 0.0915 0.0994 0.0934  0.0840
g=12 0.1039 0.1100 0.1048 0.0947 0.1050 0.0994  0.0920
SOV g=0.7 0.1346 0.1482 0.1326 0.1049 0.1349 0.1175  0.0873

Asymptotic inference

B Mixture of two Singh-Maddala

o . qg=0.8 0.2080 0.1390 0.1328 0.1577 0.1356 0.1224  0.1367
ther problems

u} g=0.6 02458 0.1528 0.1463 0.1896 0.1457 0.1293  0.1464

g=04 0.2885 0.1953 0.1733 0.2234 0.181250.1450 - ©.1366

Hypothesis testing
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o Used repeatedly in distributional analysis

o Quantile functional

o 0:FxQ—Y given by Q(F;q) := inf{y|F(y) > q}
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o 0:FxQ—Y given by Q(F;q) := inf{y|F(y) > q}
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o Used repeatedly in distributional analysis
o Quantile functional

o 0:FxQ—Y given by Q(F;q) := inf{y|F(y) > q}
° yg:=0Q(F;q)
o Examples:

o ¢g=0.5 gives Q(F;0.5), median of distribution F
o bottom decile: Q(F;0.1)
o upper quartile: b Q(F;0.75),
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Data o 0:FxQ— Y given by Q(F;q) := inf{y|F(y) > ¢}

Density

© Yq = O(F;q)
o Examples:

o g=0.5 gives Q(F;0.5), median of distribution F
o bottom decile: Q(F;0.1)
o upper quartile: b Q(F;0.75),

o Cumulation functional

o C:FxQ—Y givenby C(F;q) := [;*ydF(y)




Two key functionals
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FAC-EF
Introduction Q Quantile fllIlC'[iOIlal
Data o 0:FxQ— Y given by Q(F;q) := inf{y|F(y) > ¢}

Density

© Yq = O(F;q)
o Examples:

o g=0.5 gives Q(F;0.5), median of distribution F
o bottom decile: Q(F;0.1)
o upper quartile: b Q(F;0.75),
o Cumulation functional
o C:FxQ—Y givenby C(F;q) := [;*ydF(y)
o ¢q:=C(F;q) B




Two key functionals

Stat methods . . . . .
o Used repeatedly in distributional analysis
FAC-EF

Introduction Q Quantile fllIlC'[iOIlal
Dt o 0:FxQ— Y given by Q(F;q) := inf{y|F(y) > ¢}

Density
Parmeric copatn o yg:=0(F:q)
o Examples:

o g=0.5 gives Q(F;0.5), median of distribution F
o bottom decile: Q(F;0.1)
o upper quartile: b Q(F;0.75),

o Cumulation functional

o C:FxQ—Y givenby C(F;q) := [;*ydF(y)

o ¢q:=C(F;q)

o Examples:
S o ¢y = C(F;1) = u(F), mean of distribution F
e o & ) , income share of bottom 100g percent

plete data &1 C(F;1)

In




«Or «F»r o«



o Fundamental assessment tools of distributional analysis

o Inequality and poverty indices as special cases
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o Fundamental assessment tools of distributional analysis
o Inequality and poverty indices as special cases

o Simplest class:Wap(F) := [¢ (y) dF(y) (up to
transformation involving ()
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o Inequality and poverty indices as special cases

o Simplest class:Wap(F) := [¢ (y) dF(y) (up to
transformation involving ()

o for grouped data Y7, f;¢ (vi)
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Data
Density o Simplest class:Wap(F) := [¢ (v) dF(y) (up to
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- o for grouped data Y1 f;¢ (vi)
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Stat methods
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Introduction o Inequality and poverty indices as special cases
Data
Density o Simplest class:Wap(F) := [¢ (v) dF(y) (up to

transformation involving L)

o for grouped data Y7, fi¢ (i)
o GE measures, Atkinson

o Slightly broader class:Woap (F) := [ ¢ (y, u(F)) dF(y)
o includes Wap(F)




Welfare functionals

Stat methods

FAC-EF o Fundamental assessment tools of distributional analysis
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o p is non-increasing in y; is zero for y > {(F)

o large class of poverty measures
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o P(F):= [p(y,C(F))dF(y)

o p is non-increasing in y; is zero for y > {(F)
o large class of poverty measures

o(42) are)  £=0
o IF(GP,F) = p (2.8 (F)) ~ PE) + [ g (v, ) dFO)IF (3 €, F)

o example: PgGT (F)=
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o P(F):= [p(y,C(F))dF(y)

o p is non-increasing in y; is zero for y > {(F)
o large class of poverty measures

o example: Pigr(F) = & (42) ar() €20
o IF(zP,F) =p(z,6(F)) = P(F) + [ p¢ (y,§) dF()IF(: G, F)
o Case 1: {(F) = Co:
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o P(F):= [p(y,C(F))dF(y)

o p is non-increasing in y; is zero for y > {(F)

o large class of poverty measures

o example: PEGT(F )= b

E>0
o IF(zP,F) =p(z,6(F)) = P(F) + [ p¢ (y,§) dF()IF(: G, F)
o Case 1: {(F) = Co:

o IF(y;P,F)=Z—E(Z)
o Z=p(y, %)

» (5

@)

) ar ()
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Application: ASP class

Stat methods

o P(F):= [p(yC(F))dF(y)

FACEE o p is non-increasing in y; is zero for y > {(F)
Introduction o large class of poverty measures
Data é
Density o example: P]EGT(F) = foo (%) dF(y) E>0

o IF(z;P,F) =p(z,8(F)) = P(F)+ [ pg (v,§) dF(y)IF (2,6, F)
. o Case 1: {(F) = &y:

Welfare indices ) IF(y,P7F) =7 — E(Z)

S o Z=p(y,%)

- o AVs [p (e ) dF(2) — P(F)?

Comparisons

Tnequali




Stat methods
FAC-EF
Introduction
Data

Density

Welfare indices

Asympt
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Poverty measures

Finite sample

Comparisons

Application: ASP class

o P(F):= [p(y,C(F))dF(y)
o pis non-increasing in y; is zero for y > {(F)
o large class of poverty measures
o example: PIEGT(F) =5’ (%)‘: dF(y) E>0
o IF(z;P,F) =p(z,8(F)) = P(F) + [ pg (v, §) dF(Y)IF (z: {, F)
o Case 1: {(F) = &y:
o IF(y;P,F)=Z—E(Z)
o Z=p(y,%)
o AVis [p(z,8)* dF(z) — P(F)?
o Case2: {(F) = o+ 7y,



Application: ASP class

Stat methods ° P(F) — fp (y’ C (F)) dF(y)
FACEE o pis non-increasing in y; is zero for y > {(F)
Introduction o large class of poverty measures
Data

g
o example: PIEGT(F) =5’ (%) dF(y) >0

o IF(z;P,F) =p(z,8(F)) = P(F) + [ pg (v, §) dF(Y)IF (z: {, F)
o Case 1: {(F) = &y:
o IF(y;P,F)=Z—E(Z)
o Z=p(y,%)
i o AVis [p(z,%)* dF(z) — P(F)?
B o Case 2: {(F) = o+ 1yq

o IF(54.F) = ylygis

Density

Tnequali




Application: ASP class

Stat methods ° P(F) — fp (y’ C (F)) dF(y)
FACEE o pis non-increasing in y; is zero for y > {(F)
Introduction o large class of poverty measures
Data

g
o example: PEGT(F) =5’ (%) dF(y) >0

o IF(&:P.F) = p(z,{(F)) = P(F) + [ pg (v, §) dFG)IF(: L. F)
o Case 1: {(F) = &y:
o IF(y;P,F)=Z—E(Z)
o Z=p(y,%)
o AVis [p(z.8)’ dF(2) — P(F)?
S e Case2i (F) =Lty

o IF(z;¢,F) =y l(y;ff 2

o Case 3: {(F) = Co+yu(F)

Density
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Application: ASP class

Stat methods ° P(F) — fp (y’ C (F)) dF(y)
FACEE o pis non-increasing in y; is zero for y > {(F)
Introduction o large class of poverty measures
Data

g
o example: PEGT(F) =5’ (%) dF(y) >0

o IF(zP,F) = p(z,{(F)) ~ P(F)+ [ p¢ (v.£) dFG)IF(z:§. F)
o Case 1: {(F) = &y:
o IF(y;P,F)=Z—E(Z)
o Z=p(y,%)
oy o AVis [p(z,6) dF(c) ~ P(F)?
B o Case 2: {(F) = o+ 1yq
" ° IF(Z,C7F) q l }’q>2)
(F)

Density

Tnequali
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o Case 3: {(F :C0+yu( )

o IF(z§,F) = yigped
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® Psen (F) = Plgrlgim + Pror(1 — i)
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Qo PSen (F) =

° Psen(F) = g7z
o Consistent estimate:

o Psen := Psen (F(n)) = nn2§0 7P1(C0 - l))(
o F(y() estimated by F ) (y @) = 2’

0 |
PRGT1Gini +PFGT(1 —IGin)

5 (8o —Y)(F(&) = F(3)) dF (y)

np—i+
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Qo PSen (F) =

° Psen(F) = g7z
o Consistent estimate:

o Psen := Psen (F(n)) = nn2§0 7P1(C0 - l))(
o F(y() estimated by F ) (y @) = 2’

o IF(z,Psen, F)

0 |
PRGT1Gini +PFGT(1 —IGin)

5 (8o —Y)(F(&) = F(3)) dF (y)

np—i+
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Application: Sen poverty index

o PSen(F)

P(lgGTIghm +PFGT(1 _Iéini)

o Psen(F) = wpiey S5 (%o =) (F(%) — F(y))dF(y)

o Consistent estimate:

o P =P (F) = 2 T (G —00) (=4 )
o F(y(;) estimated by F(y ()) _ 2nl

o IF(Z7PSen7 )

ey (2~ E2)

= [Q0F (&) = 55 —2F(5) +2F(2) — C(F:F(2) | 1(z <

o)



Application: Sen poverty index
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FAC-EF © Psen (F) = PRgrlGin + Pror(1 — L)
Introduction o PSen(F) = m foO(CO _y) (F(CO) _F(y))dF(y)

Data o Consistent estimate:

o P =P (F) = 2 T (G —00) (=4 )
o F(y(;) estimated by F(y ()) _ 2nl

Density

o IF(z,Psen, F) = gp(g )(Z E(Z))
= [GoF(&) — B — 2 (G) +2F ()~ C(FF(2)] 1z <
%)
Qo \Ta\r (PSen) = 2 Z ( )2

0 np




Application: Sen poverty index
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° PSCH (F) P(lgGTIg}lm +PFGT(1 _Iéini)

FAC-EF

fnroduction o Psen(F) = wpiey I3 (%o =) (F(%o) = F(3)) dF(y)

Data o Consistent estimate:

Density

o P =P (F) = 2 T (G —00) (=4 )
o F(y(;) estimated by F(y ()) _ 2nl

o IF(2,Psen; F) = iz (Z — E(2))

- = [6oF(Go) — 55 = 2F (&) +2F(2) — C(F; F(2) | (2 <
%)
Qo \Ta\r (PSen) == ﬁ Z?:l (Zi - Z)Z

2 2np—2i+1 .
o Zi= @< =z PSen) - np2n+ Yi) — 1 ; 1Y) forlén]’
o Z=n"1 n 1Z
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Introduction
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Density

Finite sample

Welfare indices

Asymptotic inference

Other problems

Robustness

Finite sample properties

Theil Gini SST
asym  boot asym  boot asym  boot

Lognormal

=05 0927 0936 0942 0943 0926 0.952
c=10 0871 0913 0922 0936 0.945 0.940
c=15 0746 0.854 0876 0920 0.964 0.937

Singh-Maddala

g=17 0915 0931 0945 0944 0945 0.950
g=12 0856 0905 0925 0934 0945 0951
q=0.7 0.647 0802 0.847 0906 0.939 0.946

Table: Coverage of asymptotic and bootstrap confidence intervals at the
95% level for the Theil, Gini and SST indices, n = 500.

Inequality indices: unreliable CI with heavy-tailed distributions!



Inference with heavy-tailed distributions

Stat methods

FAC-EF

asym  boot  varstab semip mixture

Introduction

Lognormal

6=05 0927 0936 0939 0937 0942
. 6=1.0 0871 0913 0907 0921  0.946
e e 6=15 0746 0854 0850 0915 0944
\H m ;;MW Singh-Maddala

g=17 0915 0931 0933 0926 0928
e g=12 0856 0905 0899 0905 0912
g=07 0647 0802 079 0871  0.789

Data

Density

Table: Coverage of asymptotic and bootstrap confidence intervals at the
95% level for the Theil index, for several bootstrap approaches, n = 500.

Other problems

Robustness




Testing equality of inequality measures

Stat methods

o Null hypothesis:

FAC-EF
H() . Wx = Wy

Introduction
Data o Independent samples: X = {x1,...,.x, },Y ={y1,...,ym}
e o Test statistic:

N N

T:(Wx—Wy)/[@( ) + var( y)]l/z

o Monte Carlo permutation tests:

o Fy=F,: exact inference!!!
o Fy # Fy: not valid

Finite sample

Comparisons

o Dufour et al. (2013) propose a new bootstrap method:

o with exact inference when Fy = F),
o valid when F, # F)

leven with very heavy-tailed distr. and very small samples
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Introduction

Data

Density

Finite sample

Comparisons

plete data

etric

Standard bootstrap

o With independent samples, we test Hy : W, = W, with
T= (W, — Wy)/[Var(Wy) +‘75I(Wy)]1/2

o Bootstrap samples:

o X*: resample with replacement n observations from X.
o Y™*: resample with replacement m observations from Y.

o Bootstrap test:
TZ = [Wx; - Wy,*, - ( X y)]/{VAar( x;) ‘f‘@(WyZ)]l/z

o Bootstrap distribution:

EDF of the B bootstrap statistics, 7, forb=1,...,B
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Density

Ki
F
Fini

te sample

Welfare indices

Finite sample

Comparisons

New bootstrap method

o Dufour et al (2013) propose generating bootstrap samples

o X**: resample with replacement n observations from Z.
o Y**: resample with replacement m observations from Z.

Z: {'x_17"'7.x_n7)/_1""7)}in}
X 'y y

where x and y are sample means. The bootstrap test is
6 = W — W)/ [V (W) + V(W) /2

o This bootstrap procedure is

o closely related to permutation test when F, = F,
o still valid when F, # F,
o respects the null hypothesis (Golden Rule)



Finite sample properties

Stat methods

FAC-EF

o o — Q)  asym boot  bootH)
- 0.00 0.0770 0.0614 0.0500

i 0.58 0.0796 0.0612 0.0496
0.96 0.0825 0.0639 0.0510
1.23 0.0865 0.0668 0.0539
1.57 0.0956 0.0719 0.0586
1.97 0.1138 0.0824 0.0705
2.57 0.1289 0.0911 0.0805

Table: Rejection frequencies for the Gini index,
Hy : IGini(Fy) = IGini(Fy), as F, moves away from Fy (as o — o,
increases), at nominal level 0.05, n = 50.




Introduction
2) Data
3) Density
o Parametric estimation
o Kernel method
o Finite-mixture models
o Finite sample
4) Welfare indices
o Asymptotic inference
o Inequality measures
o Poverty measures
o Finite sample
(3 Comparisons
o Principles
o Implementation
o Intuitive application
o The nuill hvpothegig

«Or «F»r o«

ae



«Or «F»r o«



o “F first-order dominates G”
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o “F first-order dominates G”

o YVgeQ: Q(F,q) > 0(G,q)
o dg€Q: Q(F,q) > 0(G,q)
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o “F first-order dominates G”

o YVgeQ: Q(F,q) > 0(G,q)
o dg€Q: Q(F,q) > 0(G,q)

o Pen’s Parade

[£60)]
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“F first-order dominates G”’
o VgeQ:

o dg€Q: O(F,q) > 0(G,q)
o Pen’s Parade

[£60)]

0
Qo

(F.q) > Q(G,q)

“W(F) > W(G), forany W € W;”
o Wi :={W|W(F)=[¢(y)dF(y),

<

') >

0}

>

<

>

RN Ge



«Or «F»r o«



o “F second-order dominates G”
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o “F second-order dominates G”

o Vg€ Q: C(F,q) > C(G,q)
o 3g€Q: C(F,q) > C(G,q)
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o “F second-order dominates G”

o Vg€ Q: C(F,q) > C(G,q)
o 3g€Q: C(F,q) > C(G,q)

o Generalised Lorenz Curve

C(; 9)

| nF)

@)
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o “F second-order dominates G”
o Vg€ Q: C(F,q) > C(G,q)
o g€ Q: C(F,q) > C(G,q)
o Generalised Lorenz Curve

C(; 9)

0 q 1
Qo

| nF)
e

0

o “W(F)>W(G), forany W € W,”
o Wy :={W|W(F)=[¢(y)dF(y)

)
<

9

o~
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o Second-order comparisons scale independent?

o forany A > 0 distribution of y and of y/A are equivalent
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o Second-order comparisons scale independent?

o forany A > 0 distribution of y and of y/A are equivalent
o Relative LC: L(F;q) :=

C(Fq) _

u(F)
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o Second-order comparisons scale independent?

o forany A > 0 distribution of y and of y/A are equivalent

o Relative LC: L(F;q) :=

C(Fyq) _ C(Fq)
u(F) — C(F:D)
1
e
(€GN}
LG )
e
0 q 1

«4Or «Fr CEZ»r <
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o Second-order comparisons scale independent?

o Relative LC: L(F;q) := Jﬁl c(gfrilf)!

1

Ciq)
[CORR)]

1

o Second-order comparisons translation independent?
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Comparisons

Principles

Implementation

Hypothesis testing

Other problems

Robustness

Second-order: extensions

o Second-order comparisons scale independent?
o forany A > 0 distribution of y and of y/A are equivalent

o Relative LC: L(F;q) := CIEZ;‘? = gg?g

0
° q

o Second-order comparisons translation independent?
o for any 6 € R distribution of y and of y+ & are equivalent
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Principles
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Other problems

Second-order: extensions

o Second-order comparisons scale independent?
o forany A > 0 distribution of y and of y/A are equivalent

C(Fiq) _ C(Fiq)

o Relative LC: L(F;q) := WF) = C(F1)

0 1
° q

o Second-order comparisons translation independent?
o for any 6 € R distribution of y and of y+ & are equivalent
o Absolute LC: A(F;q) := C(F;q) — qu(F).
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Second-order: extensions

o Second-order comparisons scale independent?
o forany A > 0 distribution of y and of y/A are equivalent

C(Fiq) _ C(Fiq)

o Relative LC: L(F;q) := WF) = C(F1)

0 1
° q

o Second-order comparisons translation independent?
o for any 6 € R distribution of y and of y+ & are equivalent
o Absolute LC: A(F;q) := C(F;q) — qu(F).
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o Define D.(y) := ﬁfg(y— 1)~ 1dF(t)
o General s-order dominance:
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o Define Dy (y) := ﬁ IO

o General s-order dominance:

o VyeR: Dip(y) <Dg(y)
o dyeR: Di(y) < Dg(y)

— 1)V dF (1)
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o Define D.(y) := ﬁfg(y— 1)~ 1dF(t)
o General s-order dominance:

o Vy e R: Dyp(y) < Dg(y)
o dyeR: Di(y) < Dg(y)
o Contains earlier dominance concepts

o s = 1: first-order dominance

o s = 2: second-order dominance
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Other problems

Dominance (general)

o Define D} (y) := = 1~f0( 1)~V dF (1)
o General s-order dominance:

o Wy ER: D(y) < D5 ()
o dJyeR: Di(y) <Dg(y)

o Contains earlier dominance concepts

o s = 1: first-order dominance
o s = 2: second-order dominance

o Dj(&o) is equal to the FGT poverty index, up to a scale factor



Dominance (general)

Stat methods

FAC-EF
o Define Dj(y) = oAy oy — 1)~ dF (1)
et o General s-order dominance:

Density

o VyeR: Dip(y) < Dg(y)
o dJyeR: Di(y) <Dg(y)

o Contains earlier dominance concepts

o s = 1: first-order dominance
o s = 2: second-order dominance

Comparisons o Dj(&o) is equal to the FGT poverty index, up to a scale factor

o If, for all ;3 &y, D3(Go) < DE(Go):
o then poverty lower in F than in G.




Dominance (general)

Stat methods

FAC-EF
o Define Dj(y) = oAy oy — 1)~ dF (1)
et o General s-order dominance:

Density

o VyeR: Dip(y) < Dg(y)
o dJyeR: Di(y) <Dg(y)

o Contains earlier dominance concepts

o s = 1: first-order dominance
o s = 2: second-order dominance

Comparisons o Dj(&o) is equal to the FGT poverty index, up to a scale factor

o If, for all ;3 &y, D3(Go) < DE(Go):
o then poverty lower in F than in G.
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@ Choose a finite collection of population proportions ® C Q
@ For each g € ® compute sample quantiles, cumulations:
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@ Choose a finite collection of population proportions ® C Q
@ For each g € ® compute sample quantiles, cumulations:
o let k(n,q) be largest integer < ng — g+ 1
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@ Choose a finite collection of population proportions ® C Q
@ For each g € ® compute sample quantiles, cumulations:
o let k(n,q) be largest integer < ng — g+ 1

o quantiles: 9, := 0 (F":) = y(x(ug)
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Implementation: basics

Stat methods
FAC-EF
S @ Choose a finite collection of population proportions ® C Q
Data @ For each g € ® compute sample quantiles, camulations:
Density

o let k(n,q) be largest integer < ng—q+ 1

o quantiles: y, := Q (F(">;Q) = Y(x(n,q))

o cumulations: ¢, := C( F, ) = IZ nq

Comparisons
Principles
Implementation

Intuitive application




Implementation: basics

Stat methods
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@ Choose a finite collection of population proportions ® C Q

Introduction

Data @ For each g € ® compute sample quantiles, camulations:

Density

o let k(n,q) be largest integer < ng—q+ 1

o quantiles: 9, := Q (F(">;q) = Y(x(n,q))
o cumulations: ¢, := C( F, ) = IZ nq

@ Compute the variances and covariances of

SSmDULICES o sample quantiles (first-order)
Principles

T o income cumulations (second order)

Intuitive application
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Introduction

Data

Density

Implementation: basics

@ Choose a finite collection of population proportions ® C Q
@ For each g € ® compute sample quantiles, camulations:

o let k(n,q) be largest integer < ng—q+ 1

o quantiles: §, := Q (F(">;q) = Y(k(n.q))
o cumulations: &, := C( F, ) = IZ nq
@ Compute the variances and covariances of

o sample quantiles (first-order)
o income cumulations (second order)

@ Specify carefully the ranking hypothesis to be tested
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o For any ¢,q' € Q, compute covariances of ordinates
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o For any ¢,q" € QQ, compute covariances of ordinates

o \/ny4, \/nyyasymp normally distributed, cov is

q[1-¢']
FOfvy)
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Covariances, Parade and GLC

Stat methods

o For any ¢,q' € Q, compute covariances of ordinates

FAC-EF
Introduction o \/ny4, \/nyyasymp normally distributed, cov is %
Ef“_l o \/néq, \/né, asymp normally distributed; cov is:
o 0y = 5q+ qyg —cql [y —dVg +eq] —vecqa < d
o ° S(Fiq) = [y dF () =isq

Welfare indices

Asymptotic inference

Inequality measures

Comparisons
Principles
Implementation
Intuitive application

The null |

Hypothesis testing

Other problems
Robustness
Incomplete data

Semiparametric
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Intuitive application

Covariances, Parade and GLC

o For any ¢,q' € Q, compute covariances of ordinates

o \/ny4, \/nyyasymp normally distributed, cov is f(;l)%
q q/
o /néy, /néy asymp normally distributed; cov is:

o Wy =S¢+ gy —
° S(F q):= [y 2dF

_S(( )

(y
1

¢q [yq

)=
zi

- q'yq +Cq’]

2
(1

—YqCq> 4 < q,
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Covariances, Parade and GLC

o For any ¢,q' € Q, compute covariances of ordinates

q[1—4']

o \/ny n9g. V1 nyasymp normally distributed, cov is FOF0y)

o /néy, /néy asymp normally distributed; cov is:

o Wyy =54+ [qyq — ][yq
o S<F @)= [y AF(y) =
—S( F® ) %):i

o Derivation:
o 0,y = [IF(z;C(F;q),

q'yq +Cq’]

F)IF(z;C(F3q'),

—YqCq> 4 < q/

F)dF(z))
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Covariances, Parade and GLC

o For any ¢,q' € Q, compute covariances of ordinates

q[1—4']

o \/ny n9g. V1 nyasymp normally distributed, cov is FOF0y)

o /néy, /néy asymp normally distributed; cov is:

o Wy =54+ [qyg — ][yq

° S(F q):= [y 2dF

q’yq ey = vecqa < d

) =
—S(( ) %Zi

o Derivation:

o 0,y = [IF(z;C(F;q),F

o but IF(z;C(F;q),F) = qyy —cq+1(yg > 2)[z— 4]

JF(z;C(F;q'),F)dF(z))



Covariances, Parade and GLC

Stat methods . .
o For any ¢,q' € Q, compute covariances of ordinates
FAC-EF
Introduction o \/ny4, \/nyyasymp normally distributed, cov is %
q

Data

o /néy, /néy asymp normally distributed; cov is:

0 Wy 1=Sq+ [qu ] [yq q'yq JFC(/] —YqCq, 4 < q
° S(F q):= [} y2dF(y
1

—s(Fm
1= 5 (Fa) =
o Derivation:

° Wy = JIF(z;C(F;q),F)IF(z;C(F;q'),F)dF(z))

o o but IF(z: C(F:q),F) = qyq — ¢q +1(yg = 2)[2 = ¥

Density

)=
zi

o So, given that 1(x, > z) = 1 whenever 1(x, > z) = 1:
v

o g =[qyg—cql [q'vy —cq| + |y lavg — cqlle—yy1dF (2) +

e fxy‘f [d'yy —cg +2—yg] [2— gl dF(2)
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o We can also use the “short form” of the IF method:

o IF(z;C(F,q),F) = Z,— E(Z,)

o Zy=[z—yglt(z<yy)-
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o We can also use the “short form” of the IF method
° IF(z;C(F,q),F) =2, —E(Zq)
o Zy=[z—yglt(z<yy).

o Asymptotic covariance of \/né, and \/néy

«Or «F»r «=>»

«E>

RN Ge



o We can also use the “short form” of the IF method
° IF(z;C(F,q),F) =2, —E(Zq)
o Zy=[z—yglt(z<yy).

o Asymptotic covariance of \/né, and \/néy
o W,y =cov(Zy,Zy)
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o We can also use the “short form” of the IF method:
o IF(z;C(F,q),F) = Z, — E(Z,)
o Zy=[z—yglt(z<yy).

o Asymptotic covariance of \/né, and \/néy:
o W,y =cov(Zy,Zy)

© &)\V(e%eq’) = %&\)qq' = ,%22?:1 (Ziq _Zq)(zlq _Zq’)
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o We can also use the “short form” of the IF method:

o IF(z;C(F,q),F) = Z,— E(Z,)
o Zy=[z—yglt(z<yy)-

o Asymptotic covariance of \/né, and \/néy:
o W,y =cov(Zy,Zy)

Qo &)\V(E‘q,f‘q/) = %&\Jqql = ,%22?:1 (Ziq _Zq)(zlq

o Zig=[i—3q1(yi £99)
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Covariances, GLC (2)

o We can also use the “short form” of the IF method:
° IF(z;C(F,q),F) = Zq —E(Zq)
0 Zy=[z—ygJt(z < yg).

o Asymptotic covariance of \/né, and \/né:

o W,y =cov(Zy,Zy)

© C/O\V(emeq’) = %&\)qq’ = ,%22?:1 (Ziq _ZQ)(Ziq’ -

° Ziq = [yi _j’q} l()’i < yq)

o Consistent estimate:

(quf :

~

=5+ g =g Py —q

—~ o~ R
Yq +ch] —VqCq

Zy

)
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Dominance: an intuitive application
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(a) generalised Lorenz curves (b) relative Lorenz curves

Difference between two empirical Lorenz curves, n = 5000



Dominance: an intuitive application

Stat methods

Distribution F Distribution G
FACEE Index CIgs% Index C195%
podichor Poverty measures*
B Poor 0.1134  [0.1046:0.1222] 0.0260  [0.0216;0.0304]
e Pll:GT 0.0299  [0.0270;0.0329] 0.0053  [0.0042;0.0065]
Psen 0.0426  [0.0385;0.0466] 0.0077  [0.0061;0.0093]
Psst 0.0579  [0.0523;0.0635] 0.0106  [0.0083;0.0129]
Generalised Entropy measures
Igé 0.1803  [0.1694;0.1913] 0.1568  [0.1468;0.1667]
S . 0.1416  [0.1351;0.1481] 0.1420  [0.1324;0.1516]
Comparisons 1Ly 0.1360  [0.1289;0.1430] 0.1570  [0.1411;0.1729]
o . 0.1548  [0.1431;0.1665] 0.2266  [0.1798;0.2734]
S IGini 0.2849  [0.2785:02913]  0.2909 [0.2816;0.3001]

Hypothesis testing

Other problems

Robustness

* The poverty line is half the median of the sample drawn from
distribution F: {y = 0.07565776.

In
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The null hypothesis: dominance or non-dominance

ni n

(&) Hg: dominance

(b) Hy: non—dominance

Tests of dominance and non-dominance. The first quadrant, I,
corresponds to dominance of G by F in the sample (grey area).
The quadrants II, III and IV correspond to non-dominance.
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Hypothesis testing

Stat methods

- o Under the null of dominance (F dominates G), we have
Introduction H() . D%(y) S DsG(y), fOI‘ all y S Y,
Data Hi: Dy(y)>Dg(y), forsomeyec Y.

Density

Test based on the supremum of individual differences:

T=sup,cy (Dr(y) —D5(y)) .

o Under the null of non-dominance (F does not dominate G):

Welfare indices

Asympt

Hy: Dy(y) >Dg(y), forsomeyeV,
Hy: Dy(y) <Dy(y), forallyeY.

e st Test based on the infinum of individual differences:

Hypothesis testing

Other problems . A N
e ' =infyeyr (D(y) — Dy (y))-

Robustness
Inc
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o Focus on data issues that go beyond sampling
o Robustness

o Incomplete data

o Semi-parametric modelling
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o Focus on data issues that go beyond sampling
o Robustness

o Incomplete data

o Semi-parametric modelling

o Reuse tools from earlier material
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o Robustness

o Focus on data issues that go beyond sampling

o Incomplete data

o Semi-parametric modelling

o Reuse tools from earlier material

o Apply similar techniques
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(D Introduction
@ Data
@ Density
o Parametric estimation
o Kernel method
o Finite-mixture models
o Finite sample
(4) Welfare indices
o Asymptotic inference
o Inequality measures
o Poverty measures
o Finite sample
(3) Comparisons
o Principles
o Implementation
o Intuitive application
o The nuill hvpothegig
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o Suppose true distribution is mixed with contamination
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o Suppose true distribution is mixed with contamination

o point mass at zz H® (y) = 1 (y > 2)

o the mixture: G = [1 — §]F + SH®
o & : “size” of contamination
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o Suppose true distribution is mixed with contamination

o point mass at zz H® (y) = 1 (y > 2)

o the mixture: G = [1 — §]F + SH®
o & : “size” of contamination

o Use IF to see effect of infinitesimal contamination at z
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o Suppose true distribution is mixed with contamination

o point mass at zz H® (y) = 1 (y > 2)

o the mixture: G = [1 — §]F + SH®
o & : “size” of contamination

o Use IF to see effect of infinitesimal contamination at z
@ Example: the mean
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Robustness (1)

o Suppose true distribution is mixed with contamination

o point mass at z: H® (y) =1(y > z)
o the mixture: G = [I — §]F + SH®
o & : “size” of contamination

o Use IF to see effect of infinitesimal contamination at z

@ Example: the mean

o w(G)=p ([1-8)F+8HO) =1 - 8lu(F) + 6 (HO)
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Other problems

Robustness

Robustness (1)

o Suppose true distribution is mixed with contamination
o point mass at z: H® (y) =1(y > z)
o the mixture: G = [I — §]F + SH®
o & : “size” of contamination

o Use IF to see effect of infinitesimal contamination at z

@ Example: the mean
o 1(G)=n ([1 —5]F+5H<z>) —[1-8]u(F)+du (H<z>)

o u(G)=[1-06]u(F)+dz
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Asymp!

Other problems

Robustness

Robustness (1)

o Suppose true distribution is mixed with contamination

o point mass at z: H® (y) =1(y > z)
o the mixture: G = [I — §]F + SH®
o & : “size” of contamination

o Use IF to see effect of infinitesimal contamination at z

@ Example: the mean
o 1(G)=p ([1 —5]F+5H<z>) = [1-8u(F)+ou (H<z>)
o u(G)=[1-06]u(F)+dz

o IF(z:p,F) =z—u(F)
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Robustness

Robustness (1)

o Suppose true distribution is mixed with contamination

o point mass at z: H® (y) =1(y > z)
o the mixture: G = [I — §]F + SH®
o & : “size” of contamination

o Use IF to see effect of infinitesimal contamination at z
@ Example: the mean
o 1(G)=n ([1 _§|F+ 5H<z>) —[1-8]u(F)+du (H<z>)
o u(G)=[1-8Ju(F)+dz

o IF(z 4, F) = 2— 1 (F)
@ Example: the median



Robustness (1)

Stat methods

o Suppose true distribution is mixed with contamination

FAC-EF
o point mass at z: H (y) =1(y > z)
edeon o the mixture: G = [1 — 8]F + SH®)
Data o & : “size” of contamination
Density

o Use IF to see effect of infinitesimal contamination at z

@ Example: the mean
o 1(G)=n ([1 —5]F+5H<z>) —[1-8]u(F)+du (H<z>)

(:T”‘jl’lu"\“”\ Q 'u (G) = [1 — 5]“ (F) + 5Z

F
I
Intuitiv

o IF(z 4, F) = 2— 1 (F)
@ Example: the median

The null hyp

Other problems

— o IF(z;0(-,0.5),F) = q(“(f(f;))) : ;(()yg;)>2>




o Inequality and poverty indices respond differently to
contamination

o Consider two important members of Wgap class
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o Inequality and poverty indices respond differently to
contamination

o Consider two important members of Wgap class
o IF in general case:

° ¢ (z,u(F)) = Woan(F) + [z — u(F)] [ @u (z, u(F)) dF ()
o Inequality
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o Inequality and poverty indices respond differently to
contamination

o Consider two important members of Wgap class
o IF in general case:

° ¢ (z,u(F)) = Woan(F) + [z — u(F)] [ @u (z, u(F)) dF ()
o Inequality

o Compute IF for GE:
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Robustness (2)

o Inequality and poverty indices respond differently to

contamination

o Consider two important members of Woap class

o IF in general case:

o ¢(z,1(F)) — Woap(F) +[z—

o Inequality
o Compute IF for GE:

e —
o ¢z u(F)) = L

o unbounded for all values of £

W(F)] [ @u (z, u(F)) dF

(2)
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Robustness (2)

o Inequality and poverty indices respond differently to

contamination

o Consider two important members of Woap class

o IF in general case:

o @ (z,u(F)) —Woap(F) + [z —
o Inequality

o Compute IF for GE:

5 _
o ¢z u(F)) = L
o unbounded for all values of £
o also unbounded effect on mean

o Poverty

W(F)] [ @u (z, u(F)) dF

(2)
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Robustness (2)

o Inequality and poverty indices respond differently to
contamination

o Consider two important members of Woap class

o IF in general case:

° @ (z,1(F)) = Woap(F) + [z — u(F)] [ @y (z,u(F)) dF (z)
o Inequality

o Compute IF for GE:

c_
° ¢(ou(F) = EE=

o unbounded for all values of £
o also unbounded effect on mean
o Poverty

o take ASP case (fixed poverty line §p):
o IF(Z’PaF) :p(Z7C0)—P<F)



Robustness (2)

Stat methods

o Inequality and poverty indices respond differently to
FACEE contamination

Introduction o Consider two important members of Woap class

Data o IF in general case:

o ° ¢ (z,1(F)) = Woan(F) + [z = t(F)] | u (z, u(F)) dF (2)
: o Inequality
o Compute IF for GE:

s
o @z u(F)) = EEDEL

o unbounded for all values of &

Comparisons

o also unbounded effect on mean

Pr
In
Intuitiv

o Poverty
B o take ASP case (fixed poverty line §p):
Other problems ° IF(Z’ P’ F) = p (Z7 CO) - P<F)

Robustness

o example (FGT): p(z,§y) = [max (1 *Z/Covo)]é
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o Use parametric f (y; 8)for part of the income distribution?

o MLE are efficient but usually non-robust
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o Use parametric f (y; 8)for part of the income distribution?

o MLE are efficient but usually non-robust

o M-estimators characterised by
Y ow(yis0) =0,y RxRF — RP
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Other problems

Robustness

Robustness (3)

o Use parametric f (y; 6)for part of the income distribution?
o MLE are efficient but usually non-robust

o M-estimators characterised by
"L W(i;0) =0,y :RxRP — R?

o OBRE defined as solution in 6 of
o Yl y(xi;0) =Y [s(x;;0) —a(6)] - We(x;;8) =0



Robustness (3)

Stat methods

o Use parametric f (y; 6)for part of the income distribution?
FAC-EF

Introduction o MLE are efficient but usually non-robust
Data
o M-estimators characterised by

" w(yin0) =0,y R x R? — RP

Density

o OBRE defined as solution in 6 of
o Yl y(xi;0) =Y [s(x;;0) —a(6)] - We(x;;8) =0
°oc> \[ fixed a bound on the IF

(*\m‘]p;u‘l\nn\ Qo WGightS: W, (X; 9) = mln{ 1; m}
o scores function, s(x;0) = d/d0logf(x;0)

Pr
In
Intuitiv

The nul

Other problems

Robustness
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Robustness (3)

o Use parametric f (y; 6)for part of the income distribution?
o MLE are efficient but usually non-robust

o M-estimators characterised by
Ty (yis0) =0,y :RxRF — RP
o OBRE defined as solution in 6 of
Wi 0) =X [s(xi;0) —a(0)]- We(xi;0) =0
c> f fixed a bound on the IF

weights: W.(x;0) = min{ 1 ;m}
scores function, s(x;0) = d/d0logf(x;0)

o pxpmatrix A(6) and a(6) e R :

(]

©

©

©

-1
o E[y(x0)y(x:0)7] = [A(0)7A(0)] s E[w(x;0)] =0
o c: regulator between efficiency (high) and robustness (low)



(D Introduction
@ Data
@ Density
o Parametric estimation
o Kernel method
o Finite-mixture models
o Finite sample
(4) Welfare indices
o Asymptotic inference
o Inequality measures
o Poverty measures
o Finite sample
(3) Comparisons
o Principles
o Implementation
o Intuitive application
o The nuill hvpothegig

«Or «F»r o«

ae



«Or «F»r o«



«O>» «F> «E>» «E)»



o Empirical distribution is random
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o Empirical distribution is random

o Fixed boundaries (z,z) on excluded portion
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o Empirical distribution is random

o Fixed boundaries (z,z) on excluded portion

o Therefore size of excluded portions (E -8B ).is random.

RN Ge
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o A: replace support (y,y) by narrower truncation limits (z,z)
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o A: replace support (y,y) by narrower truncation limits (z,z)
o then as full info

o B: Censoring with minimal information
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o A: replace support (y,y) by narrower truncation limits (z,Z)
o then as full info

o B: Censoring with minimal information

o if we do not use the observed point masses at z and z, this
could be just treated as case A
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Censoring and Truncation

o A: replace support (y,y) by narrower truncation limits (z,z)
o then as full info

o B: Censoring with minimal information
o if we do not use the observed point masses at z and Z, this

could be just treated as case A

o need: n (the full sample size), n ( #observations equal to z)
and 7 (#observations equal to 7)



Censoring and Truncation
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Kernel method
Finite-mixure models o if we do not use the observed point masses at z and 7, this
Finite sample 3

could be just treated as case A

Welfare indices

Asymptotic inference

Inequalty measures o need: n (the full sample size), n ( #observations equal to z)
R and 7 (#observations equal to 7)

Comparisons

o C: Censoring with rich information
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Censoring and Truncation

Stat methods

FAC-EF

Introduction

o A: replace support (y,y) by narrower truncation limits (z,z)

Data o then as full info

Density . . .. . .

Paraneric ctnaton o B: Censoring with minimal information

Kernel method

Finite-mixure models o if we do not use the observed point masses at z and Z, this

Finite sample

could be just treated as case A
Welfare indices

Inequalty measures o need: n (the full sample size), n ( #observations equal to z)
: - and 7 (#observations equal to 7)

Comparisons

o C: Censoring with rich information

Principles

Imple

o carry out inference on Lorenz-curve ordinates and some
welfare indices

Intuitive a

The null hypothesis

Hypothesis testing

Other problems
Robustness
Incomplete data

Semiparametric



o Need to modify statistics to take account of missing portions

«Or «F»r «=>»

«E>

ae



o Need to modify statistics to take account of missing portions
o At the bottom of the distribution
o Clow = %Z?:l)’(i)
o Sow 1= %Z:'l_:ly%i)
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o Need to modify statistics to take account of missing portions
o At the bottom of the distribution:
o Clow 1= %Z?;l}’(i)

o Sow 1= %Z:‘i:ly%i)
o At the top of the distribution:
o Zhigh = 5 L1 V(i)

&L . lyn 2
© Shigh -= Zzn—ﬁ+1y(i)
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o Need to modify statistics to take account of missing portions
o At the bottom of the distribution:
o Clow = %Z?:ly(i)

0 Slow = %erily%i)
o At the top of the distribution:
© Chigh = s Ly V()
o Shigh 7= 3 L1V

o Asymptotic covariance:
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Censoring, Case C

Stat methods

FAC-EF o Need to modify statistics to take account of missing portions

Introduction

o At the bottom of the distribution:

Data
) A 1y
Density 9O Clow = n Z[:] y(l)
Parametric estimation A 1y 2
Kernel method 9 Slow = ;Zl’:] y(,’)
Finite-mixture models
Fini sample o At the top of the distribution:
Welfare indices N 1 n
Asymptoic infernce © Chigh '= ; Xp_mr1Y (i)

A ] 2
© Shigh = 5 Xpn1 Ya)

o Asymptotic covariance:
e (T) g =8¢+ [Clyq _Eq] B}\q/ _q/i)\q’ +/C\q’] —34¢q
° Cqi="Clow Tty Zl— 25)+1y<z>

Hypothesis testing

1
Other problems Q S = SlOW =+ = Z y
¢ ﬁ>+1 (@)

Incomplete data

Semiparametric
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o Fixed proportion of the sample discarded
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o Fixed proportion of the sample discarded

o remove outliers for robustness reasons?

«Or «F»r o«

RN Ge



o Fixed proportion of the sample discarded
o remove outliers for robustness reasons?
o proportions (E ,1 — B ) removed from the (bottom, top)
o yg and yz are random
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o Inference on full distribution, known proportions trimmed
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o Inference on full distribution, known proportions trimmed

o The trimmed distribution

0

ify < Q(F,B)
if O(F,B) <y < Q(F.B) .

ity > Q(F.B)
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Stat methods
FAC-EF
Introduction
Data

Density

Welfare indices

Asymp!

Other problems
Robustness
Incomplete data
Se

Trimming: inference

o Inference on full distribution, known proportions trimmed

o The trimmed distribution

0 if y < O(F,B)
Fp(y):=1 b[F0)-B]  ifQ(F.p) <y<OQ(F.B)

1 ify > O(F,B)

o bi=1/ (B~
o Key statistics:
o income cumulations cg , := C(Fpg;q) = b y}gde(y)

o mean g := u(Fp)
0 Spgi= S(Fﬁ;q) = bfy)gyzdF(y)
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o Drawing GLC is easy because

o C(Fgiq) =b[C(Fiq)— C(F:B)]
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o Drawing GLC is easy because

o C(Fgiq) =b[C(Fiq)— C(F:B)]

o For inference on GLC or RLC again use the IF method

k)

o Need to evaluate [IF(z;C(3q),Fg)IF(z; C(-

q'),Fp)dF(z)
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Trimming: GLC (1)

Stat methods

o Drawing GLC is easy because
o C(Fpiq)=0b [C(F;q) —C(F:B)
o o For inference on GLC or RLC again use the IF method

Density

FAC-EF

Introduction

o Need to evaluate [IF(z;C(-1q),Fg)IF(z:C(-:q'), Fg)dF(z)

o IF(z:C(1q),Fp) =
—CpqtD [qu—éygﬂ(yq > 2)[z=ygl —1lvp = Z)[Z—yﬁﬂ

o =—cp,tb {qu—ﬁ)’E_l(yq zz)yq—i—l(yEZZ)yd +
b[l(quZ)—l(yEZZ)}

Other problems
Robustness

Incomplete data




Trimming: GLC (1)

Stat methods
P o Drawing GLC is easy because
Introduction (+] C(Fﬁ’q) = b |:C(F’ q) _ C(F’ E)

Data

o For inference on GLC or RLC again use the IF method
o Need to evaluate [IF(z;C(-1q),Fg)IF(z:C(-:q'), Fg)dF(z)

Density

o IF(z:C(;q),Fg) =
~cp g+ b [ay— Byg +10q = e —3al = 103p = D~

o =—cp,tb {qu—ﬁ)’E_l(yq zz)yq—i—l(yEZZ)yd +
b[l(quZ)—l(yEZZ)}

o So the asymptotic covariance of \/nég 4, /nég 4 (g < ¢’ ) is

Other problems 2
Robustness o Wyy = b {(qu/ + (D@ — qu - (ngl}

Incomplete data




o To implement we need the sample analogues
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o To implement we need the sample analogues

o Sample estimates of cumulations

o figi=w(FY) = XL vt (k(n,B) +1 < i < k(n,B))
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Trimming: GLC (2)

Stat methods

FAC-EF
o o To implement we need the sample analogues
Data
Density o Sample estimates of cumulations

o i _“( ) bz (K(n7ﬁ)+l<i<K(n,B))

e o Covariance of \/nég 4, /nég 4 (¢ < ¢’ ) estimated by
R oy
° Wyyq = [ qiyiy — By — i1 %} x
y V(i)Y (k)
[1—611 Yo) { E} )+ T 11;%} Timt — g Xl
Y [q,y =By~ Tier @}

Other problems
Robustness
Incomplete data

Semiparametric
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© Woap(Fp) =b [ @ (x,u(Fp)) dF(x)

° WQADg = WQAD(F[(;”)) =LY 0 (v fip) Lk (n,B) +1 <
i< K(n’ﬁ))

(O aEFr < =»

«E>

Q>



Qo WQAD(FB) =

b[e(x,u(Fp)) dF(x)
o o, = Waan(Fy)
i< K(n,ﬁ))

EYr o (vayp) 1(e(nB)+1<

o IF(z;Woap, Fg) = bo (max (yB,mm(z yﬁ)

) m(Fg)) -
Waan (Fp) +bIF(z,C(< B),Fp) IS §) o (v

F.B) Pu (x ( [3)) dF (x)
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Trimming: QAD Welfare

Stam:thods ° WQAD(Fﬁ) bf(p (x ,U(F[S)) dF( )

FAC-EF

S ° WQAD,ﬁ = WQAD( ) z l(p( 7ﬁﬁ>l(K(n’E)+l<
l:ﬂl]lk uction i < K(n’g))

DJcn\il_\ Qo IF(Z, WQAD,Fﬁ) b(p (max (yﬁ7m1n Z, yﬁ ) )

Woap (Fg) +bIF(z,C(-: B )Fﬁ)fQF[s Qu (x,u(Fp)) dF

o Estimate of AV of \/nWqap( 1(3 ") ) found by computing the
mean of squares ofIF(z,WQAD,Fﬁ), z=yi,i=1,...,n

Comparisons

F
I
Int

Other problems
Robustnes




Trimming: QAD Welfare

e Mol =0T (n(Ep) dF

. ° Woap,p = Waoan(F") =L X1, @ (v, f1p) 1(k(n, B) +1 <

Data i <x(n,B))

n:-mn_\ o IF(z; WQAD,Fﬁ) =bo (max (yﬁ,min(z yﬁ)) (~ﬁ)) _
Waan (Fg) +bIF (z,C(3 B), Fﬁ)fQ (F.B) %( w(Fg)) dF(x)

o Estimate of AV of \/nWqap( 1(3 ") ) found by computing the
mean of squares ofIF(z,WQAD,Fﬁ), z=yi,i=1,...,n
o Fy(y)=F(y), O(F,B)<y<Q(F,pB)

Comparisons

F
I
Int

Other problems
Robustnes




Trimming: QAD Welfare

Stat methods ° WQAD (Fﬁ) bf (p (x ’J(Fﬁ)) dF(x)
FAC-EF
» o Woapp = Woan(Fy) = L X0, @ (vo.f1p) 1(x(n B) +1 <
Introduction p—
Data l < K(f’l,ﬁ))
Doy o IF(z:Woan, Fy) = b (max (v, min(z,g) ) .1 (F

ﬁ>)—
)

WQAD(Fﬁ)—kaF(Z,C(i) )fQF[s 9"#( u(Fg)) dF (x)

o Estimate of AV of \/nWqap( 1(3 ") ) found by computing the
mean of squares ofIF(z,WQAD,Fﬁ), z=yi,i=1,...,n
o Fj(y)=F(y), Q(F.p)<y<QO(F,B)
o The asymptotic variance of \/nWqap (F g”)
b?*var(¢ (x,/.L(FB));FE)—k B
A— 2b3cov (x, o (x, u(Fﬁ)) FZ;) fg,((FFé?; Qu (x,u(Fp)) dF(x) +

Robustne

b‘War(x'F*)“ (P (X u(F )) dF x)]z
L3 O(FB\ uw




o Igini(Fg)=1-2

I§ S aa

ﬁ C( Fﬁ,q)

«O> < Fr <> <«

o



Qo IGini(Fﬁ) =1-2

ﬁCFﬁ,q)
fﬁ C(Fg.B)

=(n

nlGini FB)) is
o 4b*Vp/u5

° ﬁﬁ=ﬂ§f£fé]w

o Asymptotic variance of v/nlGini(

dq'dq -+ [ I7
Beydal —2ug [Beg.dg [P
BB |/p B.a9d Hp g ¢B.aqJp

«4Or «Fr CEZ»r <
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(D Introduction
@ Data
@ Density
o Parametric estimation
o Kernel method
o Finite-mixture models
o Finite sample
(4) Welfare indices
o Asymptotic inference
o Inequality measures
o Poverty measures
o Finite sample
(3) Comparisons
o Principles
o Implementation
o Intuitive application
o The nuill hvpothegig
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o An approach to robustness / incomplete information
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o An approach to robustness / incomplete information

o Semi -parametric model:

o apply to proportion 8 € Q of upper incomes

o use EDF for remaining 1 — 8 of lower incomes
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Semi-parametric modelling

Stat methods

FAC-EF

Introduction o An approach to robustness / incomplete information
Data

Density o Semi -parametric model:
o apply to proportion 8 € Q of upper incomes

o use EDF for remaining 1 — 3 of lower incomes

o Main issues

@ What parametric model should be used for the tail?
Comparisons @ How should the model be estimated?

@ How should the proportion  be chosen?

@ What implications for welfare indices, dominance criteria?

inciples
ui

Pr
In
Ini

Other problems

Robustness

Incomplete data

Semiparametric
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o Pareto model has two parameters:
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o Pareto model has two parameters:

o yp determined by quantile Q(F;1— f3)
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o Pareto model has two parameters:
o yp determined by quantile Q(F;1— f3)

o dispersion parameter & estimated from the data
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Stat methods

FAC-EF

Introduction

Data

Density

Other problems

Robustness
Incomplete data

Semiparametric

Semi-parametric distribution

o Pareto model has two parameters:

o yo determined by quantile Q(F;1 — )

o dispersion parameter o estimated from the data

o The semi-parametric distribution :

y<Q(F;1-B)

y>Q(F;1-B)



Stat methods
FAC-EF
Introduction
Data

Density

Welfare indices

Asymp!

Semi-parametric distribution

o Pareto model has two parameters:

o yp determined by quantile Q(F;1 — )

o dispersion parameter o estimated from the data

o The semi-parametric distribution :

o Density
° f(y;a) =BaQ(F;1 —ﬁ)ayfocfl

y<Q(F;1-B)

y>Q(F;1-B)



Semi-parametric distribution

Stat methods

o Pareto model has two parameters:
FAC-EF

o yp determined by quantile Q(F;1 — )

Introduction

bata o dispersion parameter o estimated from the data

Density

o The semi-parametric distribution :

F(y) y<Q(F;1—pB)

Welfare indices

Asymp!

1-B(grp)  v>QW:1-B)

o Density
° f(y;a) =BaQ(F;1 —ﬁ)ayfocfl

° ]?()’171%0‘) = %




o Quantile functional Q(F;q) =
O(F:q)

o(F;1-B) (452) e
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Stat methods

FAC-EF

Introduction

Data

Finite sample

Welfare indices

Parade and Lorenz Curves

o Quantile functional Q(F;q) =

O(F;q)

Q(F;l—ﬁ)<

ng(F;q)de( )
C(T’;ql -B)+

<[

a(F

l1—q

B

.

o Cumulative-income functional C(F;q) =

/&(F)

q<1-p
g>1-p
g<1-p
B)
q>1-p



Parade and Lorenz Curves

Stat methods

o Quantile functional Q(F;q) =

FAC-EF
Introduction Q(F’ q) q S 1 — B
Dznu. - 71/d(ﬁ)
S o(F:1-B) (') g>1-B
— o Cumulative-income functional C(It";q) =
fZQ(F;q)de( ) g<1-B
C(Fiql —B)+ B)

x[( a(F 1] g>1-p

o From this we can derive:




Parade and Lorenz Curves

Stat methods

o Quantile functional Q(F;q) =
0(F:q) a<1-F

FAC-EF

Introduction

Data

o\ e
o(F:1-B) (*5%) g>1-B
o Cumulative-income functional C (IT" iq) =

JPEA ydF (y) g<1-p
C(F;ql—ﬁ)

x[( a(F 1] g>1-p

o From this we can derive:
o mean (F) = C(F;ql — B) —BQ(F;1—B) 1ix(FI)E




Parade and Lorenz Curves

Stat methods

o Quantile functional Q(F;q) =
0(F:q) a<1-F

FAC-EF

Introduction

Data

o\ e
o(F:1-B) (*5%) g>1-B
o Cumulative-income functional C (IT" iq) =

JPEA ydF (y) g<1-p
C(F;ql—ﬁ)

x[( a(F 1] g>1-p

o From this we can derive:
o mean u(F) = C(F:q1 — B) — BO(F:1 - B

o semi-parametric RLC: graph of L(E;q) = S4




o Cumulative-income functional C(F (");q) =

Ly,

i)

C(F":q1—B)+ Br200(F:1 - B)
y [(1__(1 ﬁr(f):l

72) @ —1] g>1-p

o x(n,q) is largest integer no greater than ng — g+ 1

g<1-p
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Lorenz Curves (empirical)

Stat methods

FAC-EF . . A
o Cumulative-income functional C(F");q) =

Introduction

Data %Z:{:(’ilq) y(l) q S 1 . B

Density

C(F":q1—B)+B 40 0(F: 1~ B)

o (=) .
(5) g>1-p

o K(n,q) is largest integer no greater than ng — g+ 1
)y = M)-01—B)— 1By
o mean (K1) = C(F3q1 — B) ~ BO(F;1 — B); 40




Lorenz Curves (empirical)

Stat methods

FACER o Cumulative-income functional C(F");q) =

Introduction

Data %ZIK:(’I[I) y(l) o q S I*B
C(F":q1 - B)+ B4 0(F; 1 - B)

1—-6(F)

a(f)-1
Sei— % [(1;}) aF) 1] g>1-p

Welfare indices

o K(n,q) is largest integer no greater than ng — g+ 1
o mean u(F™) = C(F":q1 — B) ~ BO(F:1 - B); 5

(n).
o semi-parametric RLC: graph of L(F (");q) = %
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o Fit Pareto to top ten percent of UK net worth

o broken line — OLS
o solid line — OBRE
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— -UK 2000 (OLS)
= ===~ UK 2000 (Robust)
—— UK 2000 (Raw)
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— =Sweden 2002 (OLS)
== ==Sweden 2002 (Robust)
———Sweden 2002 (Raw)
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distribution for income distribution

o GB2 distribution encompasses all the standard parametric

«Or «F»r «=>»

«E>

RN Ge



Stat methods

FAC-EF

Introduction
Data
Density

Parametric estimation

Kernel method

Finite-mixture models

Finite sample
Welfare indices
Asymptotic inference

Inequality measures

Poverty

Finite sample

Comparisons

Principles

Imple
Intuitive a

The null |

Hypothesis testing

Other problems
Robustness
Incomplete data

Semiparametric

Density estimation, parametric

o GB2 distribution encompasses all the standard parametric
distribution for income distribution

o A “good” goodness-of-fit criterion is important:

o do use the Anderson-Darling statistic, the Cramér-von-Mises
statistic

o do use the Cowell-Davidson-Flachaire measure

o do not use the x? statistic



o Standard kernel-density methods very sensitive to the choice
of the bandwidth
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Density estimation, semi/non-parametric

Stat methods
. o Standard kernel-density methods very sensitive to the choice
FAC-EF .
of the bandwidth
Introduction
Data o Standard approach (the Silverman rule-of-thumb) is known

Density to
o oversmooth in parts of the distribution where the data are

dense
o undersmooth where the data are sparse

plete data

etric



Density estimation, semi/non-parametric

Stat methods
. o Standard kernel-density methods very sensitive to the choice
FAC-EF .
of the bandwidth
Introduction
Data o Standard approach (the Silverman rule-of-thumb) is known

Density to
o oversmooth in parts of the distribution where the data are

dense
o undersmooth where the data are sparse

o Standard approach may not be suitable for income
distributions

o typically heavy-tailed




Density estimation, semi/non-parametric

Stat methods
. o Standard kernel-density methods very sensitive to the choice
FAC-EF .
of the bandwidth
Introduction
Data o Standard approach (the Silverman rule-of-thumb) is known

Density to

o oversmooth in parts of the distribution where the data are
dense
o undersmooth where the data are sparse

o Standard approach may not be suitable for income
distributions

o typically heavy-tailed

o More appropriate method

o o adaptive kernel
ot o mixture model




o all inequality measures
o all poverty measures

o A global approach to the derivation of variance expressions

o ordinates of Lorenz curves etc
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o all inequality measures

o A global approach to the derivation of variance expressions
o all poverty measures

o ordinates of Lorenz curves etc

o Method uses the Influence Function to provide a shortcut to
the formulas
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Welfare measures

Stat methods

FAC-EF
Introduction o A global approach to the derivation of variance expressions
e o all inequality measures
e o all poverty measures
Kemel mehod o ordinates of Lorenz curves etc
P
Welfare indices o Method uses the Influence Function to provide a shortcut to
R the formulas

Finite sample

Compatisons o Necessary to analyse the tails

Principles

Imple

o plot of Hill estimators
o use appropriate methods with heavy-tailed distributions

Intuitive a

The null |

Hypothesis testing

Other problems
Robustness
Incomplete data

Semiparametric



o Adopt a unified simple approach

o apply to the variance and covariance formulas

o makes use of the Influence Function
o just as with welfare measures
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Distributional comparisons

Stat methods

FAC-EF

Introduction
Data o Adopt a unified simple approach

Density . .

o apply to the variance and covariance formulas
. o makes use of the Influence Function

e o just as with welfare measures

Welfare indices
Asymptotic inference

A o A plot of Lorenz curve differences can provide useful

Poverty measures

— information

Comparisons

o even where Lorenz curves cross




Distributional comparisons

Stat methods

FAC-EF

Introduction
Data o Adopt a unified simple approach

Density . .

o apply to the variance and covariance formulas
. o makes use of the Influence Function

e o just as with welfare measures

Welfare indices
Asymptotic inference

A o A plot of Lorenz curve differences can provide useful

Poverty measures

— information

Comparisons

o even where Lorenz curves cross




o Careful modelling is essential to understand what can be
done

o in the case of possible data-contamination
o in the case of incomplete data
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done

o in the case of possible data-contamination
o in the case of incomplete data

o Again Influence Function is a valuable tool
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Data problems

Stat methods

FAC-EF . . .
o Careful modelling is essential to understand what can be
Introduction done
Data . . . .
_— o in the case of possible data-contamination
ensity

Parametric

o in the case of incomplete data

Kernel m

Finite-mixture models

o o Again Influence Function is a valuable tool
Welfare indices

Tnequali

o Try to“patch” an empirical distribution with a parametric
— model?

o useful for the upper tail
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Introduction
Data

Density
Parametric estimation

Kernel method

Finite-mixture models

Finite sample

Welfare indices
Asymptotic inference
Inequality measures

P

Comparisons

Principles

Imple

Intuitive a

The null hypothesis

Hypothesis testing

Other problems
Robustness
Incomplete data

Semiparametric

Data problems

o Careful modelling is essential to understand what can be
done

o in the case of possible data-contamination
o in the case of incomplete data

o Again Influence Function is a valuable tool

o Try to“patch” an empirical distribution with a parametric
model?

o useful for the upper tail

o Special attention to the way the parameters of the model are
to be estimated
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