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Motivation

aim of this part of the lecture:

to look at an axiomatic framework
for welfare and poverty comparisons
in case of multiple attributes

some problems:

how deal with ordinal attributes?
(only for poverty:) how identify the poor?
how give priority to the worse off?
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How deal with different attribute types?

MD poverty and welfare measurement; typically:

all attributes cardinal
1 cardinal & 1 ordinal attribute (index of needs)
1 cardinal & many ordinal (usually binary) attributes

a unifying framework; notation:

set of attributes J = C[O
attribute bundles x = (xC, xO) 2 B
a distribution X =

�
x1, x2, . . .

�
2 D

a ‘better-than’ ranking % on D: X % Y & x % y

note: some axioms will be tailored to attribute type
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How identify the poor?

Given a poverty bundle z 2 B, who is poor?

minimalistic: P = fx 2 Bjx � zg & R = fx 2 Bjx % zg
note: poverty frontier—as in (iii)—but defined by axioms
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How give priority to the worse off?

Example 1; consider:

two individuals, 1 cardinal and 1 binary attribute

a MD welfare index W =
q

x1
1/m(x1

2) +
q

x2
1/m(x2

2)

if m(0) = 2 > m(1) = 1, then x1 = (4, 0) � (4, 1) = x2

what to do with an extra unit of the cardinal attribute?

if we give it to the worse off, then ∆W �= 0.17
if we give it to the better off, then ∆W �= 0.24

note: ‘old’ problem = Sen’s (1973) critique on utilitarianism
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How give priority to the worse off?

Example 2; consider:

two individuals and two cardinal attributes

a MD welfare index W =
q

x1
1x1

2 +
q

x2
1x2

2

x1 = (4, 6) � (6.5, 4) = x2

what to do with an extra unit of dimension 2?

if we give it to worse off, then ∆W �= 0.39
if we give it to better off, then ∆W �= 0.60
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How give priority to the worse off?

priority = give priority to the worse off

with ‘worse off’ defined in a consistent way
i.e., according to the ranking % itself

cardinal version of priority: for all X in D

for all [poor] i and j with xi % xj

for all δ = (δC, δO) in B with δC > 0 & δO = 0�
. . . , xi, . . . , xj + δ, . . .

�
%
�
. . . , xi + δ, . . . , xj, . . .

�
ordinal version of priority: for all X in D

for all [poor] i and j with xi % xj

for all δ = (δC, δO) in B with δC = 0 & δO > 0

with δk(xi
k � xj

k) = 0 for all k in J�
. . . , xi, . . . , xj + δ, . . .

�
%
�
. . . , xi + δ, . . . , xj, . . .

�
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Axioms

AR: Additive representation, i.e., W = 1
nX

∑nX
i=1 U

�
xi�

M: Monotonicity () U strictly increasing)
CP: cardinal priority & OP: ordinal priority
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Results

% on D satisfies AR, M and CP iff there exist

1 wj > 0, for each j in C & s.i. g : NjOj ! R

2 s.i. and concave f

such that for all X, Y in D, we have X % Y iff
1

nX
∑nX

i=1 f (∑j2C wjxi
j+ g(xi

O)) � 1
nY

∑nY
i=1 f (∑j2C wjyi

j+ g(yi
O)) (�)

————————————————————————————
% on D satisfies AR, M and CP + OP iff there exist

1 same as before, except
2 s.i. gj : N ! R for each j in O (rather than g)

such that for all X, Y in D, we have X % Y iff

(�) holds, with g(xi
O) = ∑j2O gj(xi

j) & g(yi
O) = ∑j2O gj(yi

j)
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Cardinal attributes only

if jJj = jCj, then W reduces to 1
nX

∑nX
i=1 f (∑j2J wjxi

j)

problematic for index?
less so for dominance ...

if jJj = jCj, there is an equivalence between

Kolm’s (1977) budget dominance criterion,
Koshevoy and Mosler’s (1999) inverse GL-curve, and
unanimity among rankings satisfying AR, M, & CP
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1 cardinal & 1 ordinal attribute

if jCj = 1 = jOj, then W reduces to 1
nX

∑nX
i=1 f (xi

1 + g(xi
2))

we knew that absolute scales can solve Sen’s conflict
our result tells us that it is the only way to solve it

if jCj = 1 = jOj, there is an equivalence between

Bourguignon’s (1989) dominance criterion, and
unanimity among rankings satisfying AR, M, & CP

note: similar to FHT
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Axioms

AR: Additive representation, i.e., Π = 1
nX

∑nX
i=1 πz

�
xi�

F: focus, i.e., only the poor—fijxi in Pg—matter
M: Monotonicity for the poor
CP: cardinal priority & OP: ordinal priority for the poor
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Results

% on D satisfies AR, F, M and CP iff there exist

1 wj > 0, for each j in C & s.i. g : NjOj ! R with g (0) = 0
2 continuous f with

1 f (a) = f (ω) whenever a � ω := ∑j2C wjzj + g(zO)
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1 cardinal & several binary attributes

if jJj = jCj or if jCj = 1 = jOj, similar remarks as before

1 cardinal & several binary, and choose z = (z0, 0)

Π becomes 1
nX

∑nX
i=1 f (xi

1 + α � xi
O)

(generalized) counting approach

there is an equivalence between

\ rankings satisfying AR, M, & CP+OP & z0 � z0

∑t2BO

R zt
0 fptFt(y)� qtGt (y)gdy � 0 for zt such that

0 � z0 � z0

for all t 2 BO : zt � zt0 if t � t0

application ...
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