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11..  IInnttrroodduuccttiioonn  

  

  iinneeqquuaalliittyy  

  ssoocciiaall  wweellffaarree  

  hhoommooggeenneeoouuss--hheetteerrooggeenneeoouuss  ppooppuullaattiioonn  

  lliivviinngg  ssttaannddaarrdd  

  eeqquuiivvaalleenntt  iinnccoommee  

  eeqquuiivvaalleennccee  ssccaalleess  
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EExxaammppllee  ((GGlleewwwwee  11999911))  

11    ppeerrssoonn  1 28X    

66    ppeerrssoonnss  ((11  aadduulltt  ++  55  cchhiillddrreenn))  2 72X    

11    ppeerrssoonn  3 400X    

wweeiigghhttss    1 2 31, 6, 1w w w     

eeqquuiivvaalleennccee  ssccaalleess    1 2 31, 2, 1m m m     

eeqquuiivvaalleenntt  iinnccoommeess  i iX m   

ddiissttrriibbuuttiioonn     28,36,36,36,36,36,36,400   

rreeddiissttrriibbuuttiioonn  1 228 2, 72 2X X      

nneeww  ddiissttrriibbuuttiioonn     30,35,35,35,35,35,35,400   

TThheeiill  mmeeaassuurree       
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22..  HHoommooggeenneeoouuss  ppooppuullaattiioonn  

 n (identical) individuals, 1, ,i n   

 income iX D , where D    or D    

 income distribution  1, , nX X X  

 social welfare function    i iW U X X  

 Definition: progressive transfer 

 Axiom PT: progressive transfer 

Theorem: W  satisfies  PT U X  strictly concave 

     :  strictly concavei iW U X U   X  
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HHOOMM  AA::  For all , nDX Y  s.t.     X Y  the following statements 

are equivalent 

 (1)  1
PT PT PT  Y X X  

 (2)  There is a bistochastic matrix: B Y X  

 (3)  Lorenz-dominance: LDY X  

 (4)     W WY X  for all W   

 

HHOOMM  BB::  For all , nDX Y  the following statements are equivalent 

 (5)  Generalized Lorenz-dominance: GLDY X  

 (6)     W WY X  for all W   
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((RReellaattiivvee))  iinneeqquuaalliittyy  mmeeaassuurreess  

  measures  I X  

  ethical measures         I    X X X X  

  Examples: Atkinson-class 

                     Generalized entropy class 

                              etc. 

  Lorenz-consistency 

 

  References: Atkinson (JET 1970), Dasgupta/Sen/Starrett  

  (JET 1973), Marshall/Olkin (1979), Shorrocks (Economica 1983) 
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33..  HHeetteerrooggeenneeoouuss  ppooppuullaattiioonn  

Living standard 

 K  types, 1, ,i K   

 type i : M
ia   

  1, , KA a a   

 Household/individual i :  ,i iX a  

Comparison by means of LS   (complete ordering) 

 (L1)  continuous 

 (L2)  strictly increasing in income 

 (L3)  comparability 

 (L4)  Existence of differentiable representations 
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  :  fulfills (L1)-(L4)LS LS    

  ,L X a  representation 

 equivalent income function 

     1, : , ,r
rE X a L L X a a  

 r   reference type 

 (E0)   ,r
rE X a X  

 (E1)  continuous 

 (E2)  strictly increasing in income 

 (E3)  comparability 
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Examples 

    ,rE X a X m a  

  , ( )rE X a X b a   

          , 1 ln 1 1r X
rE X a a a e      for 0   

 

Generation of orderings 

 set of utility functions 

 microeconomic foundation 

 subjective choice 

 econometric estimation 

 institutional norms 
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income distribution     1 1, , , , , ,K KX X a a  X a  

social welfare function     , ,i i iW V X a X a  

 

Definition:  progressive transfer between types 

     , ,BTPTY a X a  if  , ,i i j j k kY X Y X X Y        

 for ,k i j  and        , , , ,r r r r
i i i i j j j jE X a E Y a E Y a E X a    

Axiom  LSBTPT  : progressive transfer between types 
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Theorem:  For all LS . 

 W  satisfies    ,LSBTPT V X a  strictly concave and  ,V X a  

represents LS . 
 

Examples 

    ,V X a a X    for 1   

    , XV X a a e     for 0   

      , ln 1 XV X a a e     for 0   

 

References: Coulter/Cowell/Jenkins (BER 1992), Ebert (ITAX 2000), 

Ebert (JPET 2008) 
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44..  TTrraannssffoorrmmaattiioonn::  aarrttiiffiicciiaall  ppooppuullaattiioonn  
 

           , , ,rX a E X a w a  

   ,rE X a  equivalent income 

   w a  (absolute) weight 

  Examples:   1w a   

        w a n a  number of individuals 

        w a m a  equivalence scale 

  Glewwe’s example 
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55..  SSoommee  aarrgguummeennttss  ffoorr  uussiinngg  eeqquuiivvaalleennccee  ssccaalleess  
 

  Ebert (MASS 1995) 

    needs ranking 

    nested Atkinson welfare function  WA X  

    generalized Pigou-Dalton principle GPD  (upwards/downwards) 

    aggregation principle AGG  
 

 Proposition 

  WA X  satisfies GPD  and AGG  

   “equivalence scales and weights = scales” 
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  Ebert/Moyes (Ectra 2003) 

    needs ranking 

    path-independence 

    reference-independence 

 Proposition 

 (Generalized) Lorenz dominance is reference-independent   

 “equivalence scales” 

 Proposition 

 (Generalized) Lorenz dominance satisfies BTPT 

   “equivalence scales and weights = scales” 
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  Ebert/Moyes (JET 2000) 

    needs ranking 

    path-independence 

    tax-system 

    reference-independence 

    overall inequality reduction 
 

 Proposition 

 Let the tax system be overall inequality reducing. 

 Taxation is reference-independent 

   “equivalence scales” 
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  Ebert (SCW 2004) 

    needs ranking 

    rank-dependent social welfare ordering 

    property welfare WELF  

    principle of population PP  

    scale invariance REL  

    axiom BTPT  

 

 Proposition 

 Welfare ordering satisfies WELF , PP , REL , BTPT  

   “equivalence scales and weights = scales” 

 



 18 

66..  RReellaattiivvee  eeqquuiivvaalleennccee  ssccaalleess::  aarrttiiffiicciiaall  hhoommooggeenniissaattiioonn  
 

 n (heterogeneous) individuals/households, 1, ,i n   

 individual/household i :   ,i iX m a  with ia A  

 

 transformation of the income distribution 

     1 1 1 1 1, , , , , , , , ,n n n n nX X a a X m X m m m     

 where  :i im m a   equivalence scale 

    i iX m   equivalent income 

     i iw a m   absolute weight 
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  1, , nm m m  

 income distribution   ,X m  

 social welfare function     , ,i i iW V X m X m  

 

 Definition:   BTPT m  

 Axiom   BTPT m  
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Theorem:  For all m . 

 W  satisfies      ,BTPT V X m mU X m m  and U  strictly 

concave. 

 

      ,  strictly concavei i i iW mU X m U   m X m  

 

Example 

        , ,i i i i i iW a X m X m W     X a X m  

 with  1 1
i im    and  U X X    
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Generalization 

 Definition:  progressive redistribution scheme Y X  

 s.t. 

   i i j ij j jY m X m  , 1j ij  , and i i i iY X    

 Axiom   PRS m  

Theorem:  For all m . 

 W  satisfies      ,PRS V X m mU X m m  and U  strictly concave. 
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Suppose that 1 1i i i iX m X m   for 1, , 1i n   

 

Definition: Lorenz curve 

       
1

, ,
i

j
j j

j k

m
L i X m

m





X X m  

 

Definition  ijB b  is m -stochastic 

if 

  

1 for 1, ,

for 1, ,

ij
i

ij j i
j

b j n

b m m i n

 

 








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HHEETT  AA::  For all m  and , nDX Y  with    , , X m Y m  the 

      following statements are equivalent 

 (1)   PRSmY X  

 (2)  There exists an m -stochastic matrix: B Y X  

 (3)  Lorenz-dominance:    , ,LDY m X m  

 (4)     , ,W WY m X m  for all  W  m  

 

HHEETT  BB::    For all m  and all , nDX Y  the following statements 
         are equivalent 

 (5)  Generalized Lorenz-dominance:    , ,GLDY m X m  

 (6)     , ,W WY m X m  for all  W  m  
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Inequality measures 

 heterogeneous population 

 weighted income distribution  1 1 1, , , ,n n nX m X m m m   

  , X m weighted arithmetic mean 

  

 Example: Atkinson-measure 

   

1

, 1

i i
i

k i

i i
i

k i

m X
m m

I
m X
m m

  
        

 
    

X m  

 References: Ebert (SCW 1999), Ebert (SCW 2004), Ebert (JOEI 2007) 
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77..  IIssooeellaassttiicc  ssccaalleess    ((wwiitthh  PPaattrriicckk  MMooyyeess))  
 

  n individuals (adults)  

   m n n  for 0 1   

  0   no difference 

  1   “individualism” 

  0 1   private/public goods 

 

 References: Buhmann/Rainwater/Schmaus/Smeeding (RIW 1988), 

 Coulter/Cowell/Jenkins (EJ 1992), Ebert/Moyes (JPOP 2009) 
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Characterization 

         , , ,I J E wX n X n n  

  “equivalenc scales and  weight = scale” 

  Normalization N   1, 0 nJ s s   s w  

  scale invariance SI    , ,J J s w s w  

  distribution invariance DI    , ,J J s w s w  

  neediness scale invariance    , ,I I X n X n  
 

Proposition: 
 Consider I where J satisfies N, SI and DI. 
 I satisfies neediness scale invariance 

   m n n   
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Derivation of equivalence scales 

 household with n individuals 

 x private good 

 y  public good 

 prices p , q ; income M  

  ,U x G  utility function 

  ,G y n   effective consumption 

   = degree of publicness 

  ,n   congestion function 



 28 

The household maximizes 

   ,U x G  s.t.  ,pnx n qG M    

 expenditure function  , , , ,E p q n u  

 equivalence scale 

     
 

, , , ,
, ,1, ,

E p q n u
m n

E p q u





 

Proposition 

  m n  is isoelastic 

    ,n n     and U  Cobb-Douglas 
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88..  CCoonncclluussiioonn  

  homogenisation 

  unidimensional/multidimensional criteria 

  complete/incomplete orderings 

  inequality concept 

  welfare, inequality, poverty 

 


