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Abstract

"It is quite di¢ cult to understand household behavior".
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Motivation

As the success of the collective approach to household behavior
shows, there is growing interest in making inequality and welfare
comparisons at the individual level.

Usually, inequality and poverty analysis concern households income
distributions:intra-household inequality is often neglected

Household: black-box, which forms an informational screen between
the policy-maker and individuals.

Consequences:

Bias in inequality assessment (Anand and Sen 1994)

Underestimation of inequality (Haddad and Kanbur 1991)

Di¢ cult evaluation of the e¤ectiveness of redistributive
policies
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Previous analysis: decomposable inequality index are used to assess
the impact of intra-household inequality. Haddad and Kanbur (1990)
�nd that when an additive inequality index is used, then a serious
downward bias appears neglecting intra-household inequality.

Lise and Seitz (2004) show that using the Gini index, consumption
inequality is underestimated of about 15%, while this gap reaches
30% using Mean Logarithmic Deviation.

We must be ready to accept so di¤erent �gures when we are
interested in trying to measure inequality, since Inequality indexes
generate complete but di¤erent rankings,

Most importantly, inequality decomposition requires a precise
estimation of the intra-household sharing rule.

Our research program focuses on welfare quasi-orders. We try to
identify the minimal assumptions on the intra-household sharing rule
required to preserve welfare, inequality and poverty orderings after
the disaggregation of the income distribution.
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A parsimonious approach

Identical individuals: From a normative point of view, individuals are
homogeneous: same needs, then, in principle, same share of the cake

Unfair intra-household behavior. A generalized intra-household
inequality prevails, not supported by �ethical� reason

What we need to know about the sharing rule to say that individual
inequality goes along with the pattern of inequality among the
households?

Decomposition: Total inequality among elementary units is
measurable

Looking for suitable decompositions of indices among between and
within groups terms

Disaggregation: Only the between group term is known, (the within
group term is private information)
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Outline

Basic concepts: Stochastic dominance, welfare and inequality
orderings

The disaggregation issue: the �sharing function�

The main result: Preservation of GL and RL dominance

Poverty orderings: the lost axiom

Stochastic dominance of order higher than 2
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The A-K-S approach to inequality

"All inequality is a source of evil - the inferior loses more in the
account of happiness than the superior is gained"

J. Bentham, First Principle preparatory to Constitutional Code, 1822.

If individual marginal utility is decreasing with income, then reducing
inequality by transferring income from rich to poor people increases
social welfare.

Kolm (1968), Atkinson (1970) Sen (1971, 1973) built on this idea the
modern approach to inequality and welfare measurement.

Links with Mathematics (Schur-concavity and HLP Theorem) ,
statistics (the Lorenz Curve) and risk literature (Rothschild and
Stiglitz 70)
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SSD: a beautiful tool
Both in risk...

Second degree stochastic dominance (SSD) theorems (Rothschild and
Stiglitz 70, Fishburn and Vickson 78) show the equivalence of

1) a common judgement on two distributions of all risk averse
expected utility maximizers

2) a statistical test in terms of inequality between integrated
distribution functions,

3) How to get any dominated distributions from a dominant one:
(Mean Preserving Spread)
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...and inequality literature

Dual results are provided in welfare measurement: SSD is proved to
be equivalent to:

4) The Generalized Lorenz test (Shorrocks 1983) (see Appendix)

5) A poverty ordering pointed out by Shorrocks and Foster (1987).

6) The Pigou-Dalton transfer principle is the suitable operation in
the space of income
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Does less inequality among households mean less inequality
among individuals?

If (equally sized) households share their resources equally, the answer
is trivially positive. However, it becomes more complex if power
among household members is unbalanced.

Population of couples, in every couple a dominant individual
(husband or wife) gets a larger share of expenditure than under equal
distribution (dominated individuals receive less).

Intra-household inequality could neutralize the egalitarian e¤ect
among individuals of redistributive policies from rich to poor
households.

Intuition: a progressive transfer among households,can imply a
regressive transfer from the dominated individual of the rich
household to the dominant individual of the poor household. Overall
outcome? Ambiguous.
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Basic concepts: Stochastic dominance, welfare and inequality
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The disaggregation issue: the �sharing function�
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The sharing function

Example: n couples, 2n identical Individuals: same needs, then, in
principle, same share of the cake.

Unfair intra-household behavior not supported by �ethical� reasons

We assume that in each household i , the joint income yi is shared as

follows: couples are composed of :
% p (poor)
& r (rich)

Sharing function: income of �dominated� in the household i
pi = f ip (yi )

Assumption fp : R+ ! R+ is identical across households and
fp(0) = 0; fp(y) � 1/2y 8y 2 R+

F = functions satisfying Assumption 1. We also denote
fr (y) = y � fp(y).
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Disaggregation

Applying fp and fr to the elements of y leads to disaggregate

y 2Rn
+, with y1 � y2... � yn

into the vectors

p(y) =(p1, .., pn) (weak individuals) and

r(y) =(r1, ..., rj , ..., rn) (strong individuals).

We get a (rearranged) vector of �individual� incomes x(y) 2 R2n
+ .
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Preservation

Let y and y0 be two distributions of Rn
+, and x(y), x(y0) 2 R2n

+ the
corresponding (and unknown) individual distributions

Let us suppose that y and y0 are ordered according to some
dominance relation

Solving the problem of preserving a dominance relation through
disaggregation means:

To identify the largest class of fp that guarantees that the same
dominance relation also holds at the individual level, that is between
x(y) and x(y0)
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Basic concepts: Stochastic dominance, welfare and inequality
orderings

The disaggregation issue: the �sharing function�

The main result: Preservation of GL dominance and RL dominance

Poverty orderings: the lost axiom

Stochastic dominance of order higher than 2

Peluso () The disaggregation approach to welfare, poverty and inequality measurementDecember 2010 14 / 31



Main results

Peluso and Trannoy: preservation under disaggregation of inequality,
welfare (JET 2007) and poverty (JID 2009) dominance .

In Couprie et Al. (JPub 2010) we also account for public
consumption and implement an empirical application.

Peluso and Trannoy (2009) extend the results to stochastic
dominance of order higher than 2.

The crucial condition on fp for the preservation of SSD is that the
weak individual receives less and less at the margin, when y
increases.
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The main result

Lemma
A sharing function that preserves the GL dominance must be non
decreasing and continuous

Theorem
Let fp non decreasing and continuous. Then:

fp 2 C ()
�
8 y, y0 2 Yn, y <GL y0 ) x <GL x0

�
.
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The double dividend

y1 y2 Δ y2y1+Δ y2 Δ y2y1 y1+Δ

a Concave sharing function

y

y, p, r

y/2

  r

  p

y

y/2

  p

  r

y, p, r

b Convex sharing function

Peluso () The disaggregation approach to welfare, poverty and inequality measurementDecember 2010 17 / 31



Inequality

Corollary (RL dominance)

Let fp 2 F and β 2 [0, 12 ]
fp = βy () [8 y , y 0 2 Yn, , y <RL y 0 =) x(y) <RL x(y 0)]

Corollary
Let fp 2 F and µy � µ

y0

fp 2 C () [8 y , y 0 2 Yn, , y <RL y 0 =) x(y) <RL x(y 0)].

Corollary
If the sharing function is concave, a progressive taxation schedule implies
a lower inequality at the individual level

Peluso () The disaggregation approach to welfare, poverty and inequality measurementDecember 2010 18 / 31
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An easy extension

More than two types: hierarchy: fp= dominated fm = median. fr =

dominant

Group sharing function

fg = fp + fm ,

Corollary
fp 2 C and fg 2 C g ()
[y <GL y0 =) x(y) <GL x(y0), 8 y, y0 2 Yn ] .

"chain condition": concavity of all the group sharing functions is
necessary and su¢ cient to get the preservation of the GL test.

Peluso () The disaggregation approach to welfare, poverty and inequality measurementDecember 2010 19 / 31



An easy extension

More than two types: hierarchy: fp= dominated fm = median. fr =

dominant

Group sharing function

fg = fp + fm ,

Corollary
fp 2 C and fg 2 C g ()
[y <GL y0 =) x(y) <GL x(y0), 8 y, y0 2 Yn ] .

"chain condition": concavity of all the group sharing functions is
necessary and su¢ cient to get the preservation of the GL test.

Peluso () The disaggregation approach to welfare, poverty and inequality measurementDecember 2010 19 / 31



An easy extension

More than two types: hierarchy: fp= dominated fm = median. fr =

dominant

Group sharing function

fg = fp + fm ,

Corollary
fp 2 C and fg 2 C g ()
[y <GL y0 =) x(y) <GL x(y0), 8 y, y0 2 Yn ] .

"chain condition": concavity of all the group sharing functions is
necessary and su¢ cient to get the preservation of the GL test.

Peluso () The disaggregation approach to welfare, poverty and inequality measurementDecember 2010 19 / 31



An easy extension

More than two types: hierarchy: fp= dominated fm = median. fr =

dominant

Group sharing function

fg = fp + fm ,

Corollary
fp 2 C and fg 2 C g ()
[y <GL y0 =) x(y) <GL x(y0), 8 y, y0 2 Yn ] .

"chain condition": concavity of all the group sharing functions is
necessary and su¢ cient to get the preservation of the GL test.

Peluso () The disaggregation approach to welfare, poverty and inequality measurementDecember 2010 19 / 31



An easy extension

More than two types: hierarchy: fp= dominated fm = median. fr =

dominant

Group sharing function

fg = fp + fm ,

Corollary
fp 2 C and fg 2 C g ()
[y <GL y0 =) x(y) <GL x(y0), 8 y, y0 2 Yn ] .

"chain condition": concavity of all the group sharing functions is
necessary and su¢ cient to get the preservation of the GL test.

Peluso () The disaggregation approach to welfare, poverty and inequality measurementDecember 2010 19 / 31



Basic concepts: Stochastic dominance, welfare and inequality
orderings

The disaggregation issue: the �sharing function�

The main result: Preservation of GL dominance and RL dominance

Poverty orderings: the lost axiom

Stochastic dominance of order higher than 2
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Poverty orderings

Theorem
(Foster-Shorrocks 1988)
Let Y and Y�be two income vectors of Rn

+ ordered in the increasing way.
The two following statements are equivalent:

i) Y dominates Y 0 according to stochastic dominance of order h = 1, 2, 3

ii) Ph�1(Y ) � Ph�1(Y 0), for any poverty line z (Poverty orderings %P0 ,
%P1 ,%P2)

Peluso () The disaggregation approach to welfare, poverty and inequality measurementDecember 2010 21 / 31



Truncated poverty Orderings

It can be reasonable to require poverty dominance only below a �xed
poverty line zmax

De�nition
Y %P1zmaxY 0 () P1(Y , z) � P1(Y 0, z), for all z � zmax.

Denoting by zc and zs the poverty line �xed at couple and individual
level, the relation zs = zc/2 comes from the fact that the two
individuals have the same needs.

A problem arises since fp(zc ) � zc/2: dominated individual of non
poor household may be below the "individual" poverty line

Lemma
For any zc > 0 and any zs � fp(zc )
Y %P1zcY 0 ) X (Y ) %P1zsX (Y 0) i¤ fp is increasing and concave
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The lost axiom

To preserve the poverty order a the individual level at zc/2, we need
information about non-poor households: the �focus axiom�does not
hold. We need to consider households with incomes below f �1p (zc/2).

Corollary
For any zc > 0
Y %P1f �1p (zc/2)

Y 0 ) X (Y ) %P1c/2X (Y
0) i¤ fp is increasing and concave
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Zc

y= x/2

Zs= Zc/2

Zs

fp

Figure 1 : Illustration of Proposition 6 (ii)

fp
1 (Zc/2)
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Implementation
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A last extension: initial endowments.

Let F be the set of sharing functions fp , with fp(0) = 0, f 0p (y) � 1
for all y and fp(y) + kp � fr (y) + kr for all nonnegative y .

Theorem 1 holds under two di¤erent concave sharing rules:

Discriminating case 0 � f 0p (y) � f 0r (y) � 1, the weak receive always
less than the strong at the margin.
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Compensating case 0 � f 0r (y) � f 0p (y) � 1, the dominated receive
always more than the strong at the margin
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Stochastic dominance of order > 2

Let Fc be the set of continuous sharing functions fp , with fp(0) = 0,
1
2 � f 0p (y) � 1 for all y and fp(y) + kw � fr (y) + ks for all
nonnegative y .

Theorem
For any m � 3,
fp 2 Fc\Um ()

�
y %m y0 =) x(y; k) %m x(y0; k), 8 y, y0 2 D

�
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Proof: thanks to a Saint

To study the general case, we use a result attributed to Faà di Bruno:

Theorem
If f and g are real functions di¤erentiable m times, then:

(g(f (t))(m) (t) = ∑
b2B

m!
b1!.bm !

g (sb)(f (t))

 
f (1)(t)
1!

!b1
....

 
f (m)(t)
m!

!bm
(1)

b are solutions of ∑m
i=1 ibi = m, where bi 2 N for i = 1, .,m,

B = fb � Nm j∑m
i=1 ibi = mg

sb = ∑m
i=1 bi for b.
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Two useful lemma

Using the previous formula we can prove a �rst

Lemma
If h and g belong to Um , then g � h belongs to Um

And the theorem is proved thanks to a further result:

Lemma
Let u 2 Um and fp 2 Fc\Um ,
Then the function V (y) = u(fp(x) + kw ) + u(fr (x) + ks ) belongs to Um
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Further extensions

How to generate concave sharing rules? "Non linear Sharing rules"
(Peluso and Trannoy 20??)

Households with di¤erent size: the SGL test

Empirical evidence: on Thursday (Hélène Couprie presentation)!
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