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1. Introductory Remarks

The US versus the EU: Preferences or productivity?

Stylized economy

Individual well-being
o Utility
e Stochastic dominance over joint distributions of consumption and leisure

e Consumption

Comparisons of distributions of individual well-being

Modifications of the distribution of productivities and changes in preferences



INEQUALITY AND SOCIAL WELFARE THEORY (IT9)/INEQUALITY OF WELL-BEING

A List of questions

e Do less dispersed productivities among the population give rise to less consumption inequality?

e If not, then is it possible to identify those restrictions to be placed on the utility function that
guarantee that consumption inequality decreases when productivities are more concentrated

among the population?

e Assuming productivities are given, which modifications of the preferences would lead to more

equally distributed consumption levels between the individuals?

e How do the distribution of productivities and changes in the preferences interact when deter-

mining the distribution of consumption?
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2. Notation and Preliminary Definitions

2.1. The Stylized Economy

Preference ordering 7~ over X :={(¢,¢) | ¢>0and 0 < /¢ < H}
Utility function: u(c, ¢)

Gross income: z = g(;w,m) =wl+m (w >0 and m > 0)

. ‘s . Z2—=m
Personalised utility function: Ul(c, z;w,m) :=u <c, )
w
— continuous and differentiable
— increasing in consumption and decreasing in gross income

— Spence-Mirrlees condition

(2.1) MRS (c,z;w,m) : = _Uie,zw,m) decreasing in w, V (¢, 2), V m.

Uc(c, z;w,m)
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2.2. The “Aid Thyself Heaven Help You” Equilibria

Agent (U, w, m) solves

P(U,w,m) (¢,z) max U (¢, z;w,m) s.t. ¢ <z and Z;m <H
and we get

(2.20) Z(w,m) i = (Z (wi,m) ..., Z (wa,m)),

(2.2b) C(w,m) :=(C(w1,m),...,C(wp,m)),

(2.2¢) L(w,m) := (L (wy,m),...,L(wn,m)),

where L(w,m) = (Z(w,m) —m)/w.
Beware
e No taxation: ¢ = z.

e From now on no exogenous income: m = 0.
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Figure 2.1A. ATHHY Equilibria in the Labour-Consumption Space for Different Talents
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Figure 2.1B. ATHHY Equilibria in the Income-Consumption Space for

Different Talents
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3. Moaodifications in the Distribution of Productivities

How to capture modifications in the distribution of productivities w = (wy,...,w,)?

DEFINITION 3.1. Given two distributions of productivities w*, w® € R"}  , we will say that w* is less

dispersed than w°, which we write w* >y p w°, if and only if

(3.1) Wiy fwly S wly/wly, Vi=1,2,...,j—1, ¥j=2,3,...n,

o

where w?l) < w&) <0 < Wy and wZ‘l) < wa) <K wzk
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DEFINITION 3.2. Given two distributions of talent w*, w° € R’ ,, we will say that w* is obtained

from w° by means of a uniform proportional progressive transfer if there exists A\,& > 1 and two

individuals 7,5 (1 <4 < j < n) such that:

(3.2a)
(3.2b)
(3.2¢c)

(3.2d)

w; =Awp, YVhe {1,2,...,i}; wp =wy,/{,Yhe{j,j+1...,n};
A(wy X oxwi) = (wi X X wy) /&

wp =wy, Vhe{i+1...,j—1}; and

(w] — wi)(wf — wf) > 0, Vh # k.

Equivalently, we will say that w® results from w* by means of a uniform proportional regressive

transfer.

Does not modify the geometric mean: v(w) := Yw; X -+ X wy,
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DEFINITION 3.3. Given two distributions of productivities w*, w° € R, we will say that w* is

more efficiently distributed than w°, which we write w* >5;p w°, if and only if

(3.3) Wiy = Wiy, Vi=1,2,...,n.

DEFINITION 3.4. Given two distributions of productivities w*, w° € R, we will say that w* is

more efficiently and less dispersed than w°, which we write w* >y;prp WP, if and only if

(3.4) w* >y w° and w* >pp w°.

DEFINITION 3.5. Given two distributions of productivities w*, w® € R”} |, we will say that w* is less

efficiently and less dispersed than w°, which we write w* > gprp w°, if and only if

(3.5) w* >rpw® and w* >pp w°.
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4. More Equally Distributed Consumption Levels

What do we mean by saying that c* = (c],...,c}) is more equal than c° = (¢§,...,c))?

DEFINITION 4.1. Given two consumption distributions c*,c® € R}, we will say that c* relative

Lorenz dominates c°, which we write ¢* >gy, ¢°, if and only if

k k
(4.1) RL (;c*) > RL (;@), Vk=1,2....(n—1),
n n
where
k 1 C(j)
42 RL(Zie):i= 250 yp—19
(12) (:c) L L2
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4.1. Ildentical Preferences and Different Distributions of Productivities

ExamPLE 4.1. Choose
w°® = (1.80,3.24); w* = (1.50,2.50);
u(e, 0) = u(e, ) = ¢ — e’
Observe that w} < w}, wi < w§ and ws/w = 1.80 > 1.66 = w3 /w}, hence
w* >rpLp W°.
At the ATHHY equilibrium, we have ¢® = (1.058,3.808) and c* = (0.608,2.290), which implies
c5/c] = 3.600 < 3.766 = c3/c7,

thus
C(Wov 0) >RL C(W*7 0)
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Figure 4.1A. ATHHY Equilibria in the Labour-Consumption Space for Different Distributions of Talents
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EXAMPLE 4.2. Choose
w° = (0.50,2.00); w* = (0.60,2.39);
3 1
u(e, ) =u’(c,f) =lne— — — L.
c
Observe that w} > w}, wi > w§ and ws/w = 4.00 > 3.98 = wj /w}, hence
w* >yELD WL
At the ATHHY equilibrium, we have ¢® = (1.000,2.732) and c¢* = (1.130, 3.148), which implies

5/ =2.732 < 2.785 = ¢} /i,

thus
C(w°,0) >grL C(W*7 0).
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Figure 4.3A. ATHHY Equilibria in the Labour-Consumption Space for Different Preference Orderings
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Have you thought of providing an example where v(w*) = v(w°)? Yes, but I haven’t

done yet!

Given J € {LD,MELD,LELD}, we want to identify the class ¢, (J, RL) of consumption functions

such that

N c

W ———>

c*
Py(J, RL) Vwwe eRY, ;2 l>m ifft C e % (J,RL)C %,

WO%C

C

where ¥ is the set of admissible consumption functions.
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Proposition 4.1. The following two statements are equivalent:
(a) For allw*,w° € Rl ; w* >rp w® = C (W*) >gr C(W°).

C'(w)w :1+L’(w)w

1000w L(w)

is constant in w, for all w > 0.

COw®)  CAw?) kL0 Y 0
N = 2 b b ) )
(4.5) Clw) Clwr) VA1, Vw,w, w w® e Ry4

a functional equation whose solution is

(46) C(U)) = ,Bw" (ﬁ >0,n> O), Ywe R++
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Proposition 4.2. The following two statements are equivalent:

(a) For all w*,w° € R ; w* >yprp w° = C (W*) >gr C (W°).

C'(w)w _1q L'(w)w

0y |71 L

is non-increasing in w, for all w > 0.

COw’) _ COw?)

< , V', w? €Ryy, VA1
Clw) S Clwsy "W S

(48) U(Claw) > 77(07 ’UJ) -1= U(La w)v Vwe R++
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Proposition 4.3. The following two statements are equivalent:

(a) Forall w*,w® € R} ; w* > prp w° = C(W") >gr C(W°).

C'lw)w [ ) L'(w)w

I R AT

is non-decreasing in w, for all w > 0.

COw) _ COw’)
Clw*) = C(w°)

(4.9) , Vw i weRyy, VA1

(4.10) n(C' w) < n(C,w) —1=n(L,w)=n(L,w), VweR,
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Table 4.1: Propositions 4.1, 4.2 and 4.3 in a glance

C(w*) >pr C(W°)

w* >5 w° CONSUMPTION FUNCTION UTiLiTY FUNCTION
€2
ul(e,l) =c— —
w* >rp w° C(w) = pw" (B,n > 0) 2

* > ° w
W' Z“MELD W C’(w)

w* >rELp W°
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4.2. Different Preferences and ldentical Distributions of Productivities

EXAMPLE 4.3. Choose w = (1.50, 2.50),
o 3 1
u’(e,l) =u’(c,) =lnc— - — ¢ and
c
u* (e, 0) = ub(c, ) = —e~¢ — 1.
At the ATHHY equilibrium, we have ¢° = (2.186,3.265) and ¢* = (0.405,0.916), which implies

75/ = 1.493 < 2.259 = & /&,

thus
C(W°,0) >gr C(W",0).
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Figure 4.3A. ATHHY Equilibria in the Labour-Consumption Space for Different Preference Orderings
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EXAMPLE 4.4. Choose W = (3.50,5.00),
o 3 1
u(c,l) =u’(c,l) =Ilnc— — — ¢ and
c
u*(c,0) = ub(c, ) = —e ¢ — L.
At the ATHHY equilibrium, we have ¢° = (4.311,5.854) and &" = (1.252,1.609), which implies
¢y/e] = 1.357 > 1.284 = & /¢7,

thus
C(w*,0) >gr C(W°,0).
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Figure 4.4A. ATHHY Equilibria in the Labour-Consumption Space for Different Preference Orderings
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We want to identify the set Co (RL) of couples of consumption functions (C*, C°) such that

c*

Py(RL) VweRY, : w >pr iff (C*,C°) € Co(RL) C € X%
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Proposition 4.4. The following two statements are equivalent:
(a) Forallw e R"_; C*(w) >grr C°(w).

C* (w)w < C°'(w)w

DO W) = oW

, for all w > 0.

C*(Aw) _ C°(\w)
Cr(w) ~ C°(w)

(411) s Vw€R++, VA>1.

L*/ Lo/
(4.12) ¢ W ) Fw)w

L*(w) W’ for all w >0
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Table 4.2: Proposition 4.4 in a glance

C*(w) >pr C° (W)

CONSUMPTION FUNCTIONS UTILITY FUNCTIONS w*(c, ¢) AND u®(c,¥)

52
C*(w)w - C°'(w)w u'(c,l) = ¢ — 5 ub(c,l) = 2y/c—(
Cr(w) S C°(w)

00 eftg

1
u3(c, ) =Inc— - —t; u(c,l) = %c—ée_% _/ Tdt
1




INEQUALITY AND SOCIAL WELFARE THEORY (IT9)/INEQUALITY OF WELL-BEING

4.3. Different Preferences and Different Distributions of Productivities

ExAMPLE 4.5. Choose

w° = (1.50,3.00); w* = (1.35,2.60);

u®(c,0) =u(c,l) =Ilnc— % — ¢ and

u* (e, ) = ub(c, ) = —e ¢ — 1.
Observe that w} < w$, wi < w§ and w3 /w = 2.000 > 1.925 = w} /w}, hence

w* >rpLp W.
At the ATHHY equilibrium, we have ¢ = (2.186,3.791) and ¢* = (0.300, 0.955), which implies
5/ =1.734 < 3.183 = ¢} /ct,

thus
C(WO7 0) >RIL C(W*7 0).
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Figure 4.5A. ATHHY Equilibria in the Labour-Consumption Space for Different Distributions of Talents and Preference
Orderings
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EXAMPLE 4.6. Choose

w°® = (3.50,4.50); w* = (4.30,5.40);

u®(e,0) =u3(c,l) =Ilnc— % — ¢ and

u* (e, 0) = ub(c, ) = —e ¢ — L.
Observe that w} > w$, wi > w§ and ws/w = 1.285 > 1.255 = w} /w}, hence

w* >y ELD WP
At the ATHHY equilibrium, we have ¢ = (4.311,5.342) and ¢* = (1.458,1.686), which implies
c5/c] =1.239 < 1.156 = ¢ /cf,

thus
C(W*, 0) >RIL C(WO, 0).
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Figure 4.6A. ATHHY Equilibria in the Labour-Consumption Space for Different Distributions of Talents and Preference
Orderings
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Given J € {LD,MELD,LELD}, we want to identify the set C3(J, RL) of couples of consumption
functions (C*, C°) such that

*
* *

Ps(J, RL) Vwhwe ERY, 1 2y >r iff (C*,C°) € C3(J,RL) C € x €
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Exploiting Propositions 4.2 and 4.3 on the one hand, and Proposition 4.4 on the other hand, observe

that, for C*(w*) >gr C°(w°) whenever w* >pprp W° or w* > prp w°, it is sufficient that:

c*

w* C*(w™)
>MELD >RL
W° % (j*(vvo)
o >RL
C°(w°)
x/
C*(w)w J w
C*(w)

C*
*
W co
ZLELD
(o]
W Co

C*(w*)
C°(w*)

>RL

o (w)
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Proposition 4.5. The following two statements are equivalent:

(a) For all w*,w°® € R | ; w* > p w® = C*(W*) >pp C°(W°).

(b) There exists H verifying constant in w such that

H'(w)w o C°'(w)w

H(w) < o (w) , YV w>0.
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Proposition 4.6. The following two statements are equivalent:

(a) Forallw*,w® € R} ; W* >yprp w° = C* (W") >pg C° (W°).

(b) There exists H verifying non-increasing in w such that

H'(w)w o C°'(w)w

H(w) < o (w) , YV w>0.
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Proposition 4.7. The following two statements are equivalent:

(a) Forallw*,w® € R} ; W* > pp w® = C* (W") >gL C° (W°).

(b) There exists H verifying non-decreasing in w such that

H'(w)w o C°'(w)w

H(w) < o (w) , YV w>0.
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Table 4.3: Propositions 4.5, 4.6 and 4.7 in a glance

C* (w*) >pr C°(W°)

w* >; w° CONSUMPTION FUNCTION UTILITY FUNCTIONS u*(c,¢) AND u®(c,¥)
C*/ , , H/ p p Co/ .
W HWw N 4y et wel) = 25—
w* >1p W° C*(w) H(w) Ce(w)

H(w) = pw" (8,1 > 0) u3(e,f) =Inc— % — 0w (e, f) =c—ef (w>1)

C*(w)w - H(w)w _ C°(w)w

= S ut(c,l) =Inc—1; ud(c,l) =2/c—1
w* >yprp wo CF(w) H(w) C°(w) (.0)
H'(w)w . B o, B ,
H(w) J u (e, f) =Inc—£; w(c,l) =c—e (w>1)
CY(w)yw _ H(w)w _ C°(w)w

ut(e,) =Inc—1; u’(c,l) =2\c—{

1
ud(e,l) =lnc— = —4; u?(c,l) =c—e (w>1)
c
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Figure 4.7. Consumption Elasticities as a Function of Talent for Different Preference Orderings
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Table 4.4: List of the utility functions used in Figure 4.7

£2
1 —c—
u(c,l) =c 5

u (c,f) =c—e' (w>1)

1
u3(c, ) =Inc— E—ﬂ

ut(c,f) =Inc— ¢

u(c,l) = 2y/c— 1
ub(e,l) = —e =L (w>1)

u'(c,l) = —eC—ef (w>1)

2
ud(c, l) = 2/c — % (w>1)

1 oo gt
u(c,l) =5c—te 1 —/ Tdt O<w<1)
1
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Table 4.5: Stern’s utility functions

{—b xcta)
u(e, ) = ., =t <a:

p £ 3

P Sib=2x=-1¢=
X X2 XX k¢ 3)
u'®(c, ) = u(c,f) (p=+1)

ull(e,0) = ule,f) (p=0)

u12(c, ) =ulc,l) (p=-1)

Table 4.6: Preston and Walker’s utility function

u(c,f)zﬁ(W)ln(agfg> (a=a; B=5; v="1)
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5. Quasilinear Preferences

Letting u(c, ¢) = v(c) — £, where v is increasing and strictly concave, we get

and the elasticity

(5.1) n(C,w) =

Clw,m) =v'"'(1/w)

1
Cl(w) w _ 1 _ U'(C) _
C(w) n(C-te) V(e V(e
v'(c)?

Upon differentiating (5.1) and since consumption increases with productivity, we deduce that

<
(5.2) Nw(C,w) § =

>

>

<

Conditions (5.2) are reminiscent of the notions of decreasing, constant and increasing relative risk

aversion where the difference between relative risk aversion and relative prudence plays a crucial role.
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Table 5.1: Consumption relative inequality and the properties of the utility function

CONSUMPTION FuNCTION CONSUMPTION UTILITY
ELasTICITY FuNncTION

A. CHANGES IN THE DISTRIBUTION OF PRODUCTIVITIES

" o . o v""(e)e  V'(c)e
w* >pprp W = C (W*) > C (W°) N (Cyw) >0 v"(¢) - v/ (c) 1
vV""(e)e  V'(e)c
* > o * > o < —
w* >ypLp WO = C(W*) g1, C(W°) N (C,w) <0 0" (c) v/(c)

B. CHANGES IN PREFERENCES

C* (W) 2r C° (w) n(C*,w) = 1(C°, w) —U;:/(fc)f < —U::/(fc)f
C° (w) 2rp C* (W) O w) <n(Cew) ey e

v*’(c) = UO’(C)
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6. Limitations, Open Questions and Further Work

Absolute Lorenz dominance: {(C,w) := C'(w) w.

Implications for the structure of preferences of restrictions on the consumption function|s| in

the general case.
Unambiguous welfare improvements: generalised Lorenz dominance and £(C,w) := C'(w) w.
No taxation: we observe choices under taxation constraint.

Modifications in the joint distribution of talent and exogenous income: multidimensional ap-

proach and infra-modular consumption functions.

Possibility that the society’s members have distinct preferences.



